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Abstract
The lattice Dirac equation is formulated on a simplicial complex which approxi-
mates a smooth Riemann manifold by introducing a lattice vierbein on each site and
a lattice spin connection on each link. Care is taken so the construction applies to
any smooth D-dimensional Riemannian manifold that permits a spin connection. It
is tested numerically in 2D for the projective sphere S2 in the limit of an increas-
ingly refined sequence of triangles. The eigenspectrum and eigenvectors are shown
to converge rapidly to the exact result in the continuum limit. In addition compari-
son is made with the continuum Ising conformal field theory on S2. Convergence is
tested for the two point, 〈 (x1)(x2)〉, and the four point, 〈σ(x1)(x2)(x3)σ(x4)〉,
correlators for the energy, (x) = iψ¯(x)ψ(x), and twist operators, σ(x), respectively.
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1 Introduction
Lattice gauge theory on hypercubic lattices [1] provides a powerful ab initio approach to
strongly coupled field theories in flat Euclidean space, RD. However there is important non-
perturbative physics that would benefit from the extension of lattice field theory methods
to more general curved Riemann manifolds. One example is a recent proposal to implement
radial quantization for conformal field theories [2, 3, 4]. This requires replacing the flat
Euclidean manifold, RD, by the cylinder, R×SD−1, which represents the boundary of Anti-
de Sitter space AdSD+1 in global coordinates. Other examples include ab initio calculations
of the c and a terms, tests of AdS/CFT duality, quantum criticality in condensed matter
and perhaps quantum physics near blackholes.
The conventional lattice regulator in flat space is a sequence of hypercubic lattices on
a torus, TD, with a uniform lattice spacing a, representing an increasingly larger subgroup
of translations as the cut-off, ΛUV = pi/a, is removed. Curved manifolds lack such uniform
sequences of lattices. For example, on a sphere, the finest uniform discretization of S2
and S3 are the 20-cell icosahedron and the 600-cell tetraplex respectively. The lack of an
infinite sequence of regular lattices approaching the continuum compounds the problem
of renormalization and symmetry restorations as the cut-off is removed. This paper is
part of research to develop a general strategy [5], referred to as Quantum Finite Elements
(QFE), to formulate a lattice field theory path integral for any renormalizable quantum
field theory on a smooth Riemann manifold (M, g) given the target metric tensor, gµν(x).
Here we focus on the construction of the free lattice Dirac fermion. The fermion is an
especially challenging and interesting example. The spinor probes the underlying geometry
of the manifold through its vierbein and spin connection. From the perspective of Regge
Calculus [6], the vierbein and spin connection are sufficient to define a simplicial manifold
in the Einstein-Cartan formulation of lattice gravity [7]. Consequently the fermion lattice
field may also provide an alternative approach to reconstructing the intrinsic geometry for
the Regge Calculus approximation to the base Riemann manifold.
The organization of the paper is as follows. In Sec. 2, to establish our notation
and basic formalism, we review the Finite Element approximation to scalar field theory
on a Riemann manifold. While we borrow heavily from the conventional piecewise linear
form for Regge Calculus (RC) and Finite Element Method (FEM), it is important to
note that these approximations do not by themselves adequately address our problem.
(Readers familiar with finite elements may prefer to first skip this introduction and return
for notation.) In Sec. 3, we begin the construction for the Dirac field, emphasizing the new
problem of defining the lattice vierbein and spin connection and removing doublers on the
1
simplicial complex. In Sec. 4 we formulate an algorithm for fixing the lattice vierbein and
spin connection designed to converge to any target smooth Riemann manifold (M, g). In
Sec. 5 we test the method for the Dirac fermion and its rate of convergence for the S2 sphere
compared to the exact continuum theory. In Sec. 6 the simplicial Majorana fermion on S2
is shown to converge to the analytical result for 2-point and 4-point correlation functions
for the c = 1/2 minimal model conformal field theory. In Sec. 7 we discuss extensions
and future directions in the study of quantum field theories with gauge and scalar fields.
Several technical details are relegated to the appendices.
2 Review of Scalar Fields on a Simplicial Lattice
Lattice field theory on a Riemann manifold (M, g) requires a discrete definition for the
metric field, gµν(x), and the quantum fields, scalars φ(x), fermions ψ(x), and gauge fields
Aµ(x). Aspects of this problem have been considered extensively in a number of related
fields. One example is Regge Calculus (RC), which introduces an ensemble of piecewise
flat simplicial lattices as a basis for non-perturbative quantum gravity [6]. A second
example is FEM, designed to discretize partial differential equations and to solve them
numerically [8]. The third example involves a formal geometrical framework [9] for a
Discrete Exterior Calculus (DEC) on the Delaunay lattice S and its circumcenter Voronoi
dual S∗. We should also emphasize the classic study of field theory on random lattices by
Christ, Friedberg and Lee (CFL) [10, 11, 12] that in fact anticipated much of the relevant
FEM and DEC formalism for the simplicial lattice field theory in flat space.
Each method provides some useful and closely related tools, but they do not fully
address the problems of a rigorous simplicial lattice representation guaranteed to con-
verge to the continuum for renormalizable quantum field theories—the ultimate goal of
this research. Both the RC and the CFL approaches introduce a random ensemble of
simplicial lattices in order to hopefully restore continuum symmetries (diffeomorphisms,
chiral symmetry, etc.) of the target quantum field theory. Here we do not advocate this
approach. Instead we impose regularity on a single sequence of increasingly
refined simplicial lattices designed to approach the continuum limit on a fixed
target Riemann manifold. Our approach depends on combining two elements. First
the classical FEM method provides the theoretical framework of convergence [8] in the
IR for all solutions to the equation of motion (EOM or PDEs) smooth enough to be in-
sensitive to the UV cutoff. Second, counter terms are added to the FEM Lagrangian to
deal with the UV divergences so that the lattice quantum path integral will converge to
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the target renormalizable quantum field theory on the Riemannian manifold. We refer to
the combination of these two steps as the Quantum Finite Element (QFE) method.
While the problem of UV divergences is not addressed here, the reader is referred to a
companion article [13], where the one loop QFE counter term is successfully applied to
the 2D φ4 theory on S2 at the Wilson-Fisher conformal fixed point.
2.1 Piecewise Linear Finite Elements
Consider the action for a free scalar field in the continuum on (M, g) given by
S =
1
2
∫
M
dDx
√
g[gµν∂µφ(x)∂νφ(x) + (m
2 + ξR)φ2(x)] , (2.1)
with proper distances defined by the metric,
ds2 = gµν(x)dx
µdxν , (2.2)
and its determinant, g = det(gµν). Assume also that the Riemann manifold is torsion
free (Γλµν = Γ
λ
νµ) and metric compatible (∇ρgµν = 0) so the Levi-Civita connection is
determined uniquely in terms of the metric,
Γλνµ =
1
2
gλρ(∂µgνρ + ∂νgµρ − ∂ρgµν) . (2.3)
The classical action (2.1) is diffeomorphism invariant. The coupling ξ = (D − 2)/(4(D −
1)) to the Ricci scalar curvature is required for conformal invariance at zero mass but
henceforth we will set the Recci scalar term (2.1) to zero since it is inessential for this
FEM review.
The conventional FEM/Regge Calculus approach to a simplicial approximation can
be broadly broken into three steps.
• Topology: The D-dimensional target manifold M is replaced by a simplicial com-
plexMσ composed of elementary D-simplices, which is homeomorphic to the target
manifold.
• Geometry: The metric on the target manifold (M, g) is approximated on the sim-
plicial complex to form a “lattice Riemann manifold” (Mσ, gσ) by assigning lengths
lij on links and extending the metric into the interior of each simplex with piecewise
flat volumes.
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• Hilbert Space: The Hilbert space of continuum fields, φ(x), is truncated by ex-
panding in a finite element basis on each simplex, φσ(x) '
∑D
i=0E
i(x)φi.
In principle one can construct a one-to-one map between points on the target smooth
Riemann manifold (M, g(x)) and points on the piecewise flat simplicial manifold (Mσ, gσ(y))
introduced in Regge Calculus [6] that preserves distance to order O(a2), where the lattice
spacing, a, is a bound on the simplicial diameters. There are two approaches to this
map, employed in detail in Sec 4: The first approach uses the intrinsic geometry of the
D-dimensional manifold, and the second a higher dimensional embedding in flat Euclidean
space RN for N > D.
The first approach is more fundamental. One chooses a collection of points xi in
M and constructs a simplicial complex for this set. A discrete metric in the spirit of
Regge Calculus is computed by an approximation lij to the geodesic distances on each link
〈 i, j〉. Then each D-simplex is interpolated by piecewise flat co-ordinates y. In general,
there are subtleties involved in achieving a good approximation. The geodesics are only
unique if neighboring points are sufficiently close. An optimal triangulation should use the
Voronoi construction which requires a reasonable approximation to the distances. (Note
that Regge Calculus avoids this problem by reversing the logic. The simplicial manifold
is assumed to be given a priori with the target manifold as a consequence defined in the
continuum limit, lij = O(a)→ 0.)
The second and much easier approach, when it is available, is to start with an isomet-
ric embedding of the D-dimensional Riemann manifold (M, g) into a higher dimensional
flat Euclidean space RN . An important example is the SD sphere discussed in Sec. 4.3 .
This is easily embedded as ~r ∈ RD+1 such that ~r · ~r = R20 with R0 fixed. Then one uses a
Voronoi construction of simplices on a set of discrete sites at x = ri assigning the Euclidean
distances, lij = |ri − rj|, to the edges. This construction turns out to be invariant under
the projective transformation of the sphere SD to the plane RD. In general, if we can find
a smooth isometric embedding, this will guarantee convergence of the simplicial manifold
(Mσ, gσ) to the target manifold (M, g) as a→ 0.
To approximate the Hilbert space, we can expand the field φσ in a local FEM basis [8].
Properly constructed this convergences to the continuum field, |φσ(x)− φ(x)| → 0, as the
diameters a of all simplicial elements vanish. But more importantly, FEM theorems also
impose precise shape regular condition [8] on the simplicial geometry to guarantee that
all solutions of discrete equations of motion (EOM) converge to the classical solutions of
the continuum EOM. This is a subtle theoretical problem, which involves the order of the
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Figure 2.1: A 2D simplicial complex with points (σ0), edges (σ1) and triangles (σ2). At
each vertex σ0 there is a dual polytope in σ
∗
0 (illustrated in red), and at each link, σ1, there
is a dual link σ∗1 and its associated hybrid cell σ1 ∧ σ∗1 (illustrated in blue). The arrows at
each site represent a random basis for the local tangent plane.
differential equation, the non-linearities of the PDEs, boundary conditions, the choice of
FEM basis, etc. For free fermions, even in flat space, there are additional well known
difficulties, not addressed in the FEM literature to our knowledge, due to the notorious
spectrum doubling problem and the need to restore chiral symmetry.
Simplicial Geometry and Notation: It is helpful to understand a bit of the formal
aspects of each step listed above in order to establish notation. One builds up the lattice
field theory representation in layers: start with the simplicial complex S, then add a metric
to get the Regge Calculus, and lastly add matter fields to construct the simplicial action
for the quantum field theory. The shared topological and algebraic properties mapped
between each abstract layer is the province of Category theory [14].
A pure simplicial complex S consists of a set of D-dimensional simplices (designated
by σD) “glued” together at shared faces (boundaries) consisting of D − 1 dimensional
simplices (σD−1). The D-dimensional simplex is built iteratively from lower dimensional
simplices,
σ0 → σ1 → σ2 → · · · → σD (2.4)
beginning with D+ 1 sites σ0(i) with i = 0, 1, · · · , D on each simplex, connected together
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by (D + 1)D/2 directed links σ1(i1i2) ≡ 〈 i1, i2〉 forming D(D + 1)(D + 2)/3! oriented
triangles σ1(i1i2i3) ≡ 4i1i2i3 , etc. This hierarchy is specified by the boundary operator,
∂σn(i0i1 · · · in) =
n∑
k=0
(−1)kσn−1(i0i1 · · · îk · · · in) , (2.5)
where îk means to exclude this site. Each simplex σn(i0i1 · · · in) is an anti-symmetric
function of its arguments. The signs in Eq. (2.5) keep track of the orientation of each
simplex. It is trivial to check that the boundary operator is closed: ∂2σn = 0. On a finite
simplicial lattice ∂ is a matrix and its transpose, ∂T , is the co-boundary operator. This
is a first modest step into discrete homology and De Rham cohomology on a simplicial
complex.
In the next layer, Regge Calculus introduces a metric by assigning lengths to the
edges lij = |σ1(ij)|, which provides the discrete metric, g → gσ, assuming the interior
of each D-plex is a flat Euclidean space (e.g., piecewise linear coordinates). This lifts
the simplex into a metric space. For example, oriented links, 〈 i, j〉 = σ1(ij), are now
associated with vectors, ~lij and triangles, 4ijk = σ2(ijk), with areas Aijk and so on. Since
the cells are flat, the curvature tensor required for Einstein gravity in Regge Calculus has
singularities on the boundary, i.e., at vertices in 2D and hinges for D > 2. Matter fields
(or forms) are nth-rank tensors, naturally assigned to σn.
Next, it is important to add to our simplicial Delaunay lattice, S, the circumcenter
dual Voronoi lattice, S∗, composed of polytopes, σ∗0 ← σ∗1 ← · · · ← σ∗D where σ∗n has
dimension D−n as illustrated in Fig. 2.1. A crucial property of this circumcenter duality is
orthogonality. Each simplicial element σn ∈ S is orthogonal to its dual polytope σ∗n ∈ S∗.
This orthogonality lies at the heart of defining the Hodge star ∗ (or alternating symbol
i0i1···iD). The circumcenters for the dual lattice can be found iteratively. The circumcenter
of an edge 〈 i, j〉 = σ1(ij) is its midpoint, the circumcenter of a triangle 4ijk = σ2(ijk) lies
at intersection of the perpendiculars from the midpoints of the aforementioned boundary
edges σ1 ∈ ∂σ2(ijk), the circumcenter of a tetrahedron σ3 lies at the intersection of the
normals from the circumcenters of its boundary triangles, etc., as we move into higher
dimensions.
Hybrid cells, σn∧σ∗n, constructed from simplices σn in S and their orthogonal dual σ∗n
in S∗ give a proper tiling of the discrete manifold. As a consequence of this orthogonality,
the volume Vnn∗ = |σn ∧ σ∗n| of the hybrid σn ⊥ σ∗n is a simple product,
Vnn∗ = 〈σn|σ∗n〉 =
∫
σn ∧ σ∗n =
n!(D − n)!
D!
|σn||σ∗n| . (2.6)
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For future reference, we introduce a simplified notation in lower dimensions: the point,
length of links, and area of triangles will be given by
1 = |σ0(i)| , lij = |σ1(ij)| , Aijk = |σ2(ijk)| (2.7)
respectively and the D-dimensional hybrid volumes associated with sites, links and trian-
gles will be designated by
Vi = |σ∗0(i)| , Vij = |σ1(ij) ∧ σ∗1(ij))| , Vijk = |σ2(ijk) ∧ σ∗2(ijk)| (2.8)
respectively. Finally, when we add matter fields ω for scalar (φi), Dirac (ψi) and gauge
fields (Uij), we can define a discrete exterior derivative d (or finite difference for grad, div
and curl) through a discrete Stokes’ theorem on the simplex,∫
σn
dω(y) =
∫
∂σn
ω(y) or 〈σn|dω〉 = 〈 ∂σn|ω〉 . (2.9)
The Hodge star takes you to the dual simplex σ∗n to define the dual operator, δ = ∗d∗.
The operators δ, d automatically inherit from ∂, ∂T , respectively the closure property, d2 =
δ2 = 0. While we do not rely heavily on this formalism, it is useful intuitively to guide
our discussion. This formal layered structure, we believe, is also important for organizing
software to implement lattice field theory simulations on general simplicial lattices.
2.2 Simplicial Laplacian for Scalar Fields
The flat interior of each D-simplex in RC and FEM is conveniently parameterized as
~y = ξ0~r0 + ξ
1~r1 + · · ·+ ξD~rD =
D∑
i=1
ξi~li0 + ~r0 , (2.10)
using barycentric coordinates, 0 ≤ ξi ≤ 1, with the constraint ξ0 + ξ1 + · · ·+ ξD = 1. The
vectors on the edges are ~li0 = ~ri − ~r0. To pick a unique coordinate system onMσ, we can
arbitrarily eliminate ξ0, introducing the differentials,
d~y =
∂~y
∂ξi
dξi = ~li0dξ
i , (2.11)
where ~li0 are the components of this one form in the basis dξ
i with i = 1, · · · , D and dual
tangent vectors,
~∇ = ~∇ξi∂i = ~n i∂i , (2.12)
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Figure 2.2: The D-simplex, illustrated for D = 3, can be defined by D edge vectors
~li0 = ~ri − ~r0, picking arbitrarily the 0-th vertex. The remaining D(D − 1)/2 edges are
~lij = ~li0 −~lj0. One dual vector ~n 2 normal to σ2(013) is depicted.
with components, ~n i = ∇ξi in the basis ∂i. The flat metric on each simplex is
ds2 = d~y · d~y = gijdξidξj, gij = ~li0 ·~lj0 = 1
2
(l2i0 + l
2
j0 − l2ij) . (2.13)
The standard relations for raising and lowering indices by the metric tensor (gij) and its
inverse
gij = ~n i · ~n j or ~n i ·~lj0 = δij (2.14)
applies within each simplex. Note since the interior of the simplex is flat we choose the
notation ~li0 and ~n
i,
~li0 → lai0 =
∂ya
∂ξi
and ~n i → nia =
∂ξi
∂ya
, (2.15)
for both upper and lower indices. It is tempting to use the notation, ~l0i → ~e i and
~n i → ~e i = gij~e j, but we reserve this identification with lattice vierbeins for the simplicial
Dirac equation in Secs. 3 and 4.
The new action on the simplicial manifold (Mσ, gσ) is again determined by Eq. (2.1)
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using the simplicial metric (2.13). It is given by a sum over all the D-simplices,
Sσ =
1
2
∑
σD
∫
σD
dDy[~∇φσ(y) · ~∇φσ(y) +m2φ2σ(y)]
=
1
2
∑
σD
∫
σD
dDξ
√
gσ [g
ij
σ ∂iφσ(ξ)∂jφσ(ξ) +m
2φ2σ(ξ)] , (2.16)
where
√
gσ/D! = |σD| is the volume in each D-simplex, or in 2D the area Aijk of the
triangle 4ijk. Finally, we expand φσ(y) in a finite element basis on each simplex,
φσ(y) ' E0(y)φ0 + E1(y)φ1 + · · ·+ ED(y)φD , (2.17)
where Ei(rj) = δ
i
j so that φi = φ(y = ri). We also impose the sum rule,
∑
iE
i(y) = 1,
so that the constant field is preserved. For simplicity, our subscript on φσ, Sσ,
etc, implies a restriction to a single simplex, σD(i0i1 · · · iD). The expansion of the
field over the entire piecewise flat manifold, (Mσ, gσ), is given by a sum over all sites,
φ(x) ' ∑iW i(y)φi, where the W i(y)’s , referred to as tent functions , are sums over all
adjacent elements, Ei(y)’s, that have non-zero (unit) support at the site i. Once these
elements Ei(y) are chosen, explicit integration for the simplicial action, Eq. (2.16), can be
carried out, leading to a quadratic form for the free field action on the values φi. This
construction also carries over for interaction terms, φn(x), giving higher order polynomials
in φi within each simplex.
The simplest choice is the linear FEM,
Ei(ξ) = ξi, i = 0, · · ·D . (2.18)
Since all the derivatives are constants, the massless action on each simplex,
Iσ =
1
2
∫
σD
dDy~∇φ(y) · ~∇φ(y) = 1
2
∫
σD
dDξ
√
ggij∂iφ(ξ)∂jφ(ξ), (2.19)
is trivially evaluated, giving
Iσ =
1
2D!
D∑
i,j=1
√
g gij(φi − φ0)(φj − φ0) . (2.20)
While this result (2.20) is correct, one inconvenience is that our arbitrary choice of elim-
inating ξ0 appears to break the symmetry between the D + 1 sites. To fix this we may
average over the D+ 1 vertices to yield the correct symmetrized expression, which will be
referred to as the Vertex Form (illustrated for D = 2 in Fig. 2.3) of the simplicial action.
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Figure 2.3: The geometric contribution of linear finite elements to a scalar field in the
Vertex form on the left and in the Link form on the right. For both forms, the triangle
4123 is subdivided into regions meeting at the circumcenter 0, with areas Ai = |σ∗(i)∩4123|
and A0ij = |σ1(ij) ∧ σ∗1(ij) ∩4123|, respectively.
However, a more appealing geometric form can be found. A convenient way to derive
this is to relax the constraint ξ0 + · · ·+ ξD = 1 and introduce an over complete set of D+1
dual vectors, ~n k = ~∇ξk, that are perpendicular to the face opposite the vertex k and
normalized relative to the edge vectors by
~n k ·~lij = δki − δkj . (2.21)
In this over-complete basis , the gradient is ~∇φ(y) = ~n 0φ0+~n 1φ1+· · ·+~n DφD. Evaluating
the action gives two equivalent symmetric forms,
Iσ =
1
2
D∑
i,j=0
|σD| ~n i · ~n jφiφj = 1
2
∑
〈 i,j〉
|σD| (−~n i · ~n j)(φi − φj)2 , (2.22)
due to the constraint,
~∇(ξ0 + ξ1 + · · ·+ ξD) = ~n 0 + ~n 1 + · · ·+ ~n D = 0 . (2.23)
Recall that |σD| = √gσ|/D! is the volume of D-simplex. We refer to this as the Link Form
(illustrated for D = 2 in Fig. 2.3). In two dimensions summing over all the triangles, the
contribution to the lattice action takes an appealing geometric form
Sσ =
1
2
∑
〈 i,j〉
Aij
(φi − φj)2
l2ij
, (2.24)
where in 2D we use the notation Aij = |σ1(ij) ∧ σ∗1(ij)|, instead of Vij, for the dual area
Eq. (2.6) adjacent to the link 〈 i, j〉.
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ℓijSij/2


Figure 2.4: The discrete Laplacian at a site i is given by the sum on all links 〈 i, j〉 (in
red) weighed by gradients (φi − φj)/lij multiplied by the surface Sij = 2Vij/lij (in black)
and normalized by the dual volume |σ∗o(i)| = Vi (in yellow).
Discrete Exterior Calculus: An alternative formalism for constructing the simplicial
Laplacian relies on an elegant Discrete Exterior Calculus (DEC) [9]. For any dimension,
the DEC action for the kinetic term is given by
Sσ[φ] =
1
2
∑
〈 i,j〉
Vij
(φi − φj)2
l2ij
+
1
2
mViφ
2
i , (2.25)
where, as illustrated in Fig. 2.4 in 2D, Vij = |σ1(ij) ∧ σ∗1(ij)| = lijSij/D is the product
of the length of the link (lij) times the volume of the surface, Sij = |σ∗1(ij)|, of the dual
polytope normal to the link 〈 i, j〉. A local mass term has been added for future reference
even though it does not contribute to the Laplacian. Only in 2D is the linear FEM
form (2.22) equivalent to the DEC form (2.25). In 2D the equivalence follows from
the identity, A123~n1 · ~n2 = Aij/l212, often referred to as the co-tangent rule. But for D > 2,
it is easy show how this fails by constructing a a counter example: Pick a simplex for
D > 2 with ~n1 · ~n2 = 0 and Vij > 0 that vanish for the FEM construction but in non-zero
for the linear FEM construction.
The DEC construction for the discrete Beltrami-Laplace operator,
1
Vi
∂Sσ[φ]
∂φi
=
1
Vi
∑
j∈〈 i,j〉
Vij
lij
φi − φj
lij
, (2.26)
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follows the same basic steps leading to the continuum operator − 1√
g
∂µ
√
ggµν∂νφ(x). First,
we apply the simplicial Stokes’ theorem, Eq. (2.9), to get the discrete gradient (exterior
derivative),
dφ =
1
|σ1(ij)|
∫
σ1
dφ(x) =
∫
∂σ1
φ(x)/lij = (φi − φj)/lij , (2.27)
where the scalar (or zero form) φi and the finite difference (or one form), dφi = (φi−φj)/lij,
are assigned to sites σ0(i) and links σ1(ij) respectively. Next, apply Stokes’ theorem again
on the dual lattice polytope σ∗0 to compute the divergence, d(∗dφi), illustrated in yellow
in Fig. 2.4 for 2D and return to the simplicial lattice,
∗ d ∗ dφi = ∗ 1|σ∗0(i)|
∫
σ∗0
d[∗(φi − φj)/lij] = 1
Vi
∑
j∈〈 i,j〉
Vij
lij
φi − φj
lij
, (2.28)
in agreement with Eq. (2.26), expressed as the sum of fluxes through the boundaries ∂σ∗0(i)
with surface area, Sij/(D − 1)! = Vij/lij = |σ1(ij) ∧ σ∗1(ij)|/lij. For the local mass term
one would add m
∫
σ∗0
φi/|σ∗0| = mφi to the operator (2.28).
3 Dirac Fields on a Riemann Manifold
The action of the free Dirac fermion on a Riemann manifold,
S =
∫
dDx
√
gψ¯(x)[eµ(x)(∂µ − iωµ(x)) +m]ψ(x) , (3.1)
introduces two new structures involving spin: (i) The orientation of the spinor in the
tangent plane, eµ(x) = eµa(x)γ
a, where eνa is the inverse (or dual) of the vierbein, e
a
µ,
entering into the metric. (ii) The spin connection ωµ(x) ≡ ωabµ (x)σab/4, where σab/2 =
i[γa, γb]/4 are the Lorentz generators for the Dirac spinor. The reason for this is because
there are no finite-dimensional spinor representations of the general covariance group, so
spinor indices are introduced in the tangent space. At each point xµ, the flat tangent
space can be spanned by a set of orthonormal coordinates, ~y = (y1(x), y2(x), · · · , yD(x)),
by expanding the cotangent differential,
dya = eaµ(x)dx
µ =
∂ya
∂xµ
dxµ . (3.2)
The positive definite metric
ds2 = d~y · d~y = gµν(x)dxµdxν = eaµ(x)eaν(x)dxµdxν . (3.3)
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can be Cholesky factorized in terms of eaµ(x). Now in addition to invariance under diffeo-
morphism, there is a local “gauge” invariance allowing an arbitrary rotation (or Euclidean
Lorentz transformation), SO(D), in the tangent plane: ya → Oabyb. This then acts on the
spinors as a gauge invariance in the Spin(D) covering group.
The spin connection and the vierbeins are not independent. For torsion-free and
metric compatible Riemann manifolds, they are related through the tetrad hypothesis,
∂µe
ν(x) + Γνµλe
λ = i[ωµ, e
ν ] (3.4)
or [Dµ, e
ν ]+Γνµλe
λ = 0, where Dµ = ∂µ−iωµ is the “covariant spinor derivative” operator.
Expanding in components we have
ωabµ = e
a
ν∂µe
ν
b + e
a
λΓ
λ
µνe
ν
b =
1
2
eνa[∂µe
b
ν − ∂νebµ + eρbecµ∂νecρ]− (a↔ b) . (3.5)
A crucial consequence of the tetrad hypothesis (3.4) is the anti-Hermitian property of
Dirac operator,
(
√
geµDµ)
† = −Dµ√geµ = −√g(eµDµ + [Dµ, eµ] + 1√
g
(∂µ
√
g)eµ) = −√geµDµ . (3.6)
Consequently the Dirac spectrum on a general manifold is pure imaginary plus the real
mass shift: iλ+m with −∞ < λ <∞. It is essential when placing the Dirac equation on
a simplicial manifold to provide a lattice realization for this identity.
3.1 The Dirac Finite Element
The application of classical FEM methods to fermions leads to a series of difficulties. First,
even in 2D, linear finite elements in flat space do not give a natural generalization of the
scalar FEM expression. Second, the well-known problem of species doubling and chiral
symmetry breaking is not solved by a straight forward application of FEM. Third, and
most troubling, in the Regge Calculus representation of a linear simplicial manifold, the
curvature has singularities concentrated at the vertices and hinges. It is difficult, if not
impossible, to place Dirac fields at such singular vertices as there is no well-defined tangent
plane. We proceed to address the solution to these difficulties one by one.
A reasonable ansatz for a simplicial fermion in flat space is a generalization of the
DEC scalar form in Eq. (2.25),
Snaive ' 1
2
∑
〈 i,j〉
Vij
l2ij
[ψ¯i~lij · ~γψj − ψ¯j~lij · ~γψi] + 1
2
mViψ¯iψi , (3.7)
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also recommend by Friedberg, T.D. Lee, and Ren in Ref. [15]. We shall refer to this as
the canonical Dirac form. However, this form is not given by the application of linear
FEM to the Dirac field.
Following closely the scalar example (2.22), the linear FEM evaluation of the Dirac
action on each simplex is∫
σ
dDy[ψ(y)~γ · ~∇ψ(y) =
√
g
2(D + 1)!
∑
i
ψi
∑
j
~n j · ~γψj . (3.8)
For anti-Hermiticity to be enforced, one must explicitly sum over the oriented and anti-
oriented simplex, resulting in
Iσ =
1
2
∫
σ
dDy[ψ(y)~γ · ~∇ψ(y)− (~∇ψ(y)) ·~γψ(y)] =
√
g
4(D + 1)!
∑
〈 i,j〉
ψ¯i(~n
j −~n i) ·~γψj . (3.9)
However, even for D = 2, the linear FEM formula,
Sσ =
A123
6
∑
〈 i,j〉
ψ¯i(~n
j − ~n i) · ~σψj , (3.10)
fails to give the canonical Dirac form. Most peculiarly, the spin projections ~lij · ~σ are
not aligned with the propagation on the links. Namely the condition ~n k · (~n i − ~n j) = 0,
required by alignment, ~lij ∼ ~n i−~n j, fails except for an equilateral triangle where the dual
vectors are normal to the opposite sides. However, we have found a new Dirac Finite
Element prescription that does lead to the canonical lattice form in 2D by summing over
the piecewise linear elements for each of 3 sub-triangles meeting at the circumcenter of a
general triangle as illustrated in Fig. 3.1.
The new construction begins by expanding 4123 in a new finite element basis,
ψ(x) → ψσ(y) = E1(y)ψ1 + E2(y)ψ2 + E3(y)ψ3 ,
ψ¯(x) → ψ¯σ(y) = E1(y)ψ¯1 + E2(y)ψ¯2 + E3(y)ψ¯3 , (3.11)
imposing basic properties for field interpolates,
Ei(rj) = δ
i
j , E
1(y) + E2(y) + E3(y) = 1 , (3.12)
so that ψ(ri) = ψi and a constant field is preserved. We then make the ansatz that
the element can be decomposed into three elements meeting at the circumcenter. We
introduce ghost fields, ψ0 and ψ¯0, at the circumcenter of each triangle and expand the
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Figure 3.1: A new Dirac finite element on the simplex splits the each triangle, 4123, with
edge vectors (~l12,~l23,~l31) into three isosceles sub-triangles that meet at the dual vertex 0.
An interior angle at 0 opposite a link ~lij is designated as θij.
fields ψ(x), ψ¯(x) as the sum of 3 piecewise linear elements, one on each sub-triangle. The
ghost fields are expressed as a linear combination of the original lattice values,
ψ0 = c1ψ1 + c2ψ2 + c3ψ3 , ψ¯0 = c1ψ¯1 + c2ψ¯2 + c3ψ¯3 . (3.13)
The constraint
∑
i ci = 1 is required so that the constant field is preserved. This implicitly
defines the new Dirac elements (3.11) Ei(y) on the full triangle ∆123. By a judicious choice
of the coefficients,
ck =
4A0ij
l2ij
4A0ik
l2ik
= cot(θik/2) cot(θjk/2) , (3.14)
this new Dirac FEM construct leads to the canonical Dirac form (3.7), with all couplings
along the edges properly aligned. (See Appendix A for a detailed proof.)
One benefit of this construction is that this should allow standard FEM convergence
theorems to be applied to our Dirac FEM. However, we have not yet sought a generalization
of this FEM construction to D > 2. Moreover, in spite of the intuitive appeal of our
ansatz, there is no known generalization of the formalism of exterior calculus to a single
Dirac fermion, analogous to the use of the Hodge star operator for the Laplace-Beltrami
operator. The closest example is the application to Ka¨hler-Dirac fermion [16]. This is an
interesting area for future investigation [17].
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3.2 The Simplicial Spin Connection
In preparation for curved space, we will first consider the simplicial complex for a flat
manifold after, applying at each site i, an arbitrary rotation by a Lorentz transformation,
O(D), on the tangent vectors. The result is to transform each spinor: ψi → Λiψi, with
Λi ∈ Spin(D). The action in this general gauge becomes,
Snaive =
1
2
∑
〈 i,j〉
Vij
lij
[ψ¯i~e
(i)j · ~γΩijψj − ψ¯jΩji~e (i)j · ~γψi] + 1
2
mViψ¯iψi , (3.15)
where Ωij = Λ
†
iΛj = Ω
†
ji serves as the lattice spin connection and ~e
(i)j serves as the lattice
vierbein. The link variable,
Ωij = e
ilµijωµ(x) , (3.16)
is entirely analogous to the compact Wilson gauge variables, Uµ(x) = exp[iAµ(x)], for
color spinors in lattice gauge theories: Aabµ (x) = λ
ab
c A
c
µ(x) and ωµ(x) = ω
ab
µ (x)σab/4 are in
the Lie algebra of the color SU(N) and Spin(D) groups respectively. The lattice vierbein
is
e(i)j = e(i)ja γ
a ≡ ~e (i)j · ~γ = Λ†i lˆij · ~γΛi , (3.17)
where lˆij is the out-going unit vector from i to j. With m = 0, the naive Dirac action is
anti-Hermitian by the virtue of the identity, Ωjie
(i)j = −e(j)iΩji. Note that moving the
vierbein to the opposite end of the link gives
e(j)ia γ
a = −Ωjie(i)ja γaΩij , (3.18)
which is the lattice realization of the tetrad hypothesis. In Sec. 4, we demonstrate that
Eq. (3.18) is equivalent to the continuum tetrad hypothesis Eq. (3.4) as lij → 0. Although
in flat space, this spin connection is gauge equivalent to Ωij = 1, we will show shortly
that the parametric form of the action given by Eq. (3.15) now applies to any manifold
with a spin connection by requiring the product of the link matrices, Ω, around a closed
path to be a measure of the curvature on the triangle. Before describing the algorithm for
determining a non-trivial lattice spin connection in Sec. 4, we will address the problem of
species doubling.
3.3 The Wilson Term
At this point we have replaced the first derivative continuum operator, ∇ = eµDµ =
eµ(∂µ − iωµ), with the naive or central difference form on the simplex, gauged by the
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compact spin connections in Eq. (3.15). This simplicial discretization preserves the anti-
Hermiticity condition of the continuum, ∇†√g = −√g∇, and therefore it preserves the
spectral property, (∇ + m)ψλ = (iλ + m)ψλ, with −∞ < λ < ∞ as well. However, this
spectrum includes spurious, or so called doubler, states familiar to the naive fermion on
the hypercubic lattice. The FEM methods do not solve this problem.
To remove these doublers, we introduce a spinor gauged Wilson term in close analogy
with conventional non-Abelian flat space lattice gauge field theory. The 4D lattice field
theory doublers are removed by adding an irrelevant dimension 5 Wilson term to the
fermions action. This discrete approximation to the continuum operator is contained in
the square of the covariant Dirac operator,
[γµ(∂µ − iAµ)]2 = (∂µ − iAµ)2 + σµνF µν . (3.19)
When placed on a regular lattice, the first term is referred to as the Wilson (or gauge
Laplacian) term, while the second is referred to as the clover term. On a flat manifold, the
doublers can be removed by adding the Wilson term. The free spectrum in momentum
space of the Wilson term is proportional to
∑
µ(1 − cos(apµ))/a which is irrelevant at
p→ 0 but divergent as a→ 0 for doublers on the edge of the Brillouin zone.
A similar approach can be applied to curved space. Consider adding to the action a
second order derivative term,∫
dDx
√
g|∇ψ|2 =
∫
dDx
√
g(ψ¯
←−∇†)(∇ψ) = −
∫
dDx
√
gψ¯∇2ψ . (3.20)
using ∇†√g = −√g∇. The square of the spinorial Dirac operator, ∇ = eµDµ = eµaγaDµ,
is give by the Lichnerowicz formula,
−∇2 = −gµν(DµDν − ΓσµνDσ) +
1
2
σabeµae
ν
bRµν
= − 1√
g
Dµ
√
ggµνDν +
1
2
σabeµae
ν
bRµν . (3.21)
The first term on the second line is nothing but the covariant spinor Laplacian, while the
second term is related to the curvature,
Rµν = i[Dµ,Dν ] = i[∂µ − iωµ, ∂ν − iων ] . (3.22)
We introduce a lattice version of the covariant spinor Laplacian as a Wilson term
to remove doublers on the simplicial lattice. This is just our lattice Laplace-Beltrami
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operator for the scalar in Eq. (2.26) in a general gauge,
SWilsonTerm =
r
2
∑
〈i,j〉
Vij
l2ij
(ψ¯i − ψ¯jΩji)(ψi − Ωijψj) , (3.23)
Again, this canonical form generalizes to simplicial Dirac fermions on a general Riemann
manifold. Further generalizations to include color gauge fields and to construct Domain
Wall actions are straightforward as briefly mentioned in the conclusion.
4 Lattice Spin Structure
We now present a procedure for fixing the vierbein ~e (i)j and connection matrix, Ωij, on
each link 〈 i, j〉 of the simplicial lattice. Once this has been accomplished, the parametric
form for a general Riemann manifold,
S =
1
2
∑
〈 i,j〉
Vij
lij
[ψ¯ie
(i)jΩijψj − ψ¯jΩjie(i)jψi] + m
2
ψ¯iψi , (4.1)
is unchanged from the flat space formula (3.15). The spin connection matrices, Ωij = Ω
†
ij,
are no longer equivalent to a pure gauge transformation. A successful construction must
respect the exact lattice tetrad hypothesis (3.18),
e(i)jΩij + Ωije
(j)i = 0 , (4.2)
in order to ensure that the naive lattice Dirac operator, Eq. (4.1) is anti-Hermitian in
the massless limit, or equivalently the full operator including the mass term in Eq. (4.1)
and the Wilson term in Eq. (3.23) is γ5-Hermitian. This gauge covariant identity in
Eq. (4.2), arising from parallel transports of the vierbein along the link, is crucial to the
construction. If we expand in the lattice spacing, a, we can immediately see how it is a
discrete version of the continuum Eq. (3.4). In Fig. 4.1 let i and j be located at xµ = xµ(0)
and xµ(1) = xµ(0) + alˆµ, respectively, on the geodesic, xµ(s), between them. Introduce a
smooth bi-spinor field, e(x) = tν(x)e
ν(x). Expanding e(j)i + Ω†ije
(i)jΩij term by term, we
get
0 = tˆν(x+ alˆ)e
ν(x+ alˆ)− eialµωµ(x) tˆν(x)eν(x) e−ial
µωµ(x)
' atˆν lˆµ ∂µeν(x) + atˆν lˆµΓνµλ(x)eλ(x)− iatˆν lˆµ[ωµ(x), eν(x)] +O(a2) , (4.3)
which is equivalent to the continuum expression, (∂µ + Γ
ν
µλ(x))e
λ(x) − i[ωµ(x), eν(x)] =
0, to leading order. In expanding Eq. (4.3), we have made use of the approximation
tˆν(x+ alˆ)− tˆν(x) ' atˆν lˆµΓνµλ(x) which follows from the geodesic equation (4.7).
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Figure 4.1: The tangent vectors ~e (i)j and ~e (j)i on opposite sides of the geodesics on the
link 〈 i, j〉 are related by a parallel transport, e (j)i ≡ ~e (j)i · ~γ = −Ωji~e (i)j · ~γΩij.
In computing the spin connection for our target manifold, there are two crucial issues
we need to address: i.) First defining the tangent plane for the Dirac field at each site.
ii.) Second resolving the sign ambiguity in the map from the Lorentz group, O(D), to the
spinor covering group, Spin(D).
The first issue is the difficulty of defining tangent plane at the sites in the conventional
piecewise flat Regge Calculus manifold. The RC defines the interior of each simplex to be
flat so that all curvature is given by singularities on D−2 simplices at the boundary of the
cells referred to as hinges, or vertices in 2D [18]. Since it is impossible to define tangent
planes at the lattice sites of a piecewise linear manifold, previous attempts to introduce
fermions in RC have generally placed the Dirac fields at the circumcenters of the dual
lattice [7, 19, 20, 21, 22, 23]. However, this is troublesome for lattice gauge theory. With
gauge fields on links, matter fields (scalar and Dirac) should be on sites to maintain local
gauge covariance as described briefly in Sec. 7.
Our solution is to re-interpret the RC manifold as smooth, with well-defined tangent
planes at the vertices. For example, on the sphere, we can remove the singular curvature
at the sites by replacing each link 〈 i, j〉 by geodesics (great circles in 2D). This allows us
to define tangent planes at the vertices. More generally, as pointed out by Brewin [24],
it is possible to provide a re-interpretation of the RC geometry. Given the RC data of
a simplicial complex and the set of edges lengths lij, it is possible to construct a smooth
interpolation of the curvature field, e.g., accurate to O(a2) in the continuum limit, in
much the same spirit of higher splines in 1D or higher order FEM for matter fields in a
general dimension. This redefinition of the Regge manifold will be implemented to fix the
lattice vierbein and spin connection, however, to O(a2) we can still use the piecewise linear
manifold to compute the pre-factors.
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The second issue is determining the spin connection between the tangent planes on
opposite ends of a link. Under parallel transport, one can compute the rotation Oij, an
element in the Euclidean Lorentz group O(D). However we must also resolve the sign
ambiguity to lift this to the spinor matrix connection, Ωij, in the Spin(D) group, which is
the double covering of O(D). The mapping
Oij =⇒ ±Ωij (4.4)
has a sign ambiguity—rotating a Dirac field by 2pi changes its sign. The parallel transport
of the tangent planes on a link 〈 i, j〉 fixes the O(D) rotation matrix Oij but not the sign
in the map as can be illustrated for the tetrad hypothesis, Eq. (3.18),
e(i)ja γ
a = −Ωije(j)ia γaΩji =⇒ ~e (i)j = −Oij~e (j)i (4.5)
The sign of the mapping in Eq. (4.4) onto Spin(D) must be fixed so that as the simplices
are refined the integrated curvature on every triangle 4123 vanishes in the continuum limit
Ω12Ω23Ω31 ' 1−O(A123)→ 1 (4.6)
and we approach the continuum Dirac equation on the Riemann manifold. This global
constraint can be satisfied on a simplicial complex only if the topology of the target
manifold admits a spin structure. We present here two approaches to constructing the
lattice spin connection.
4.1 Construction by Parallel Transport
The first approach assumes that, given the continuum metric gµν(x), we have computed
the geodesics between sites connected by links. The construction follows 3 steps:
1. Choose a random tangent frame at i and determine the tangent vectors ~e (i)j on
geodesics to neighbors j.
2. Parallel transport the tangent frame at i to j and compute the Lorentz Oabij rotation
in O(D) to the frame of j.
3. Map each Lorentz rotation in O(D) to a pair in Spin(D), Oij → sijΩ(+)ij , and choose
sij = ±1, leading to the minimal curvature on each fundamental triangle.
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Let us next expand on each of these steps. Consider a given link 〈 i, j〉 illustrated in
Fig. 4.1. Each site has its own tangent plane. We choose an orthonormal set of tangent
vectors tˆ a(i) in the tangent plane given by ~y = yatˆ
a(i). We assume that the simplicial
lattice is refined to the point that there is a unique geodesic connecting i with j. At each
site i, determine the outgoing unit tangent vector ~e (i)j ≡ e(i)ja tˆ a aligned with the geodesic
from i to j. Constructing the geodesic and the tangent vector to the geodesic requires in
general numerical integration of the geodesic equation,
d2xλ
ds2
+ Γλµν(x)
dxµ
ds
dxν
ds
= 0. (4.7)
This gives the geodesic curve x(s) from x(0) = xi to x(sj) = xj with tangent vectors
~e (i)j = d~x(0)/ds and ~e (j)i = −d~x(sj)/ds at each end.
The next step is to perform a parallel transport from the frame i to the frame j and
determine the rotation between these two tangent frames: tˆ a(i) = Oabij tˆ
b(j). The rotation
for the gauge link is given by ordered product on the geodesics from i to j,
Oij = P [e−
∫ sj
0
dsx˙µ(s)Γµ(x(s))] , (4.8)
where [Γµ(x(s))]
λ
ν = Γ
λ
µν(x) is the matrix in the Lie algebra for O(D). This guarantees
the discrete tetrad constraint (4.5). For simple manifolds, such as those of particular
interest of conformal field theory, the exact solution to all geodesics can be determined by
symmetries, avoiding numerical integration altogether. For example, on a sphere Sn, all
geodesics are defined by great circles.
Finally, for each link 〈ij〉, given Oij = eiθµνJµν , −pi < θµν < pi, the last step involves
fixing the sign ambiguity of the corresponding element Ωij in the spinor group,
Ωij = sijΩ
(+)
ij , (4.9)
where sij = ±1 and Ω(+)ij = eiθµνσµν/2 ∈ Spin(D). To provide an algorithm to fix the
signs on each link, we start by considering a 2D manifold. We begin by picking a random
triangle and fix all sij to minimize the curvature. Then select an adjacent triangle that
shares a site σ0(i) and one edge 〈 i, j〉 with the first triangle. There are now two new links
whose signs we again fix to minimize its curvature. We continue with all the triangles
sharing this site i. This completes all triangles whose circumcenters make up the dual cell
σ∗(i). Now pick a new site on the boundary of this cluster and continue. This algorithm
gradually expands the closed contour around the polytopes of the dual 2D complex S∗. As
we will show explicitly for S2 in Sec. 4.3, this continues until the last triangle which has
no signs undetermined.
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A failure at the last step means that the manifold does not admit a spin connec-
tion, for example, non-orientable surfaces in 2D without boundaries. The existence of
a spin-structure only depends on the topology of the manifold. For example, a sphere
has a trivial first homotopy group, pi1(S2) = 0, and it admits a unique spin connec-
tion. The torus has pi1(T2) = Z22, with 4 possible spin connections, familiar to string
theorists, as Neveu-Schwarz/Neveu-Schwarz, Neveu-Schwarz/Ramond, Ramond/Neveu-
Schwarz and Ramond/Ramond sectors respectively. Assume that one of the allowed mul-
tiple spin connections on the manifold is achieved. For each non-contractible loop in
the dual lattice, one can introduce appropriate signs on links to exchange periodic and
anti-periodic boundary conditions. This then allows one to introduce other inequivalent
spin connections. More generally, a compact 2D Riemann surface of genus g admits 22g
inequivalent spin structures.
This procedure can be generalized to higher dimensions along similar lines. For
example, in 3D, we have an expanding closed surface. Start with a single tetrahedron and
fix the signs for all edges. Then proceed to pick an edge σ1(ij) and visit cyclically all
the tetrahedrons with circumcenters for σ∗1(ij) that share this edge. Now there is surface
σ∗ij dual to this edge σ1(ij). Again proceed to select a new edge on a tetrahedron on the
boundary and continue as before. The 3D classification concerns the second homotopy
group and 4D the third homotopy group, etc. Non-trivial homotopy groups give non-
contractable surfaces with co-dimensions D − 1 allowing one to introduce anti-periodic
boundaries for multiple spin connections.
Determining the Z2 phases, sij, only depends on the topology. For an orientable
manifold in the continuum the topological condition for the existence of a spin structure
is equivalent to the a vanishing of second Stiefel-Whitney class index [25]. On our lattice
it is equivalent to finding the ground state in a frustrated Z2 gauge theory. The map for
O(D) curvature on each triangle to Spin(D) results in discrete Z2 gauge theory. We must
find a solution to
Kijk sijsjkski = 1 , (4.10)
where Kijk = Sign[Tr(Ω
(+)
ij Ω
(+)
jk Ω
(+)
ki )] = ±1. This is equivalent to the existence of an E = 0
ground state for
E[s] =
∑
4ijk
(1−Kijk sijsjkski) , (4.11)
on the simplicial complex. The number of distinct ground states, mod a Z2 local gauge
invariance, enumerate inequivalent spinor representations.
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4.2 Construction by Relaxation
Although the algorithm above is straight forward, it is computationally difficult, requiring
the determination of the geodesic between neighboring lattice points and performing par-
allel transports of the frames to compute the rotations Oij. What is needed in general is an
alternative algorithm that converges to O(a2). One approach is to compare the lattice and
continuum spin connections at each site of the simplicial lattice and minimize a functional
to make them match up to O(a2).
The idea is to consider the lattice spin connections,
Ωαβij =
[
e
i
2
ωabσ
ab]αβ
with σab =
i
2
[γa, γb] , (4.12)
as independent variables, choosing them to approximate as well as possible the curvature
on the target manifold defined by the metric gµν(x). As is well known in lattice gauge
theory, the product of gauge links around a “plaquette” (a triangle in this case) is an
approximation to the integrated curvature over the surface. On the simplicial Regge
manifold, we match the discrete curvature and the continuum curvature,
Ωαβ4ijk(i) = [ΩijΩjkΩki]
αβ ↔ Sαβ(i) = [eiRµν(i)Aµν4ijk ]αβ, (4.13)
respectively for each triangle with a vertex at a site i. The lattice estimate is just the open
Wilson product on 4ijk(i) beginning and ending at a site i and the continuum estimate
is the exponentiation of the local spinor curvature tensor, Rµν(i) in Eq. (3.22), projected
onto the triangle. To do this, we need an estimate for the oriented area of the adjacent
triangle which in the case of an isometric embedding in higher dimensions is given by
Aµν4ijk =
1
2
[(rµi − rµj )(rνk − rνi )− (rνi − rνj )(rµk − rµi )] , (4.14)
to O(a2). Consequently we can in principle determine the lattice spin connection by a
typical relaxation algorithm, minimizing a quadratic form such as
G(Ωij) =
∑
4,i
Tr[(S4(i)− Ω4(i))†(S4(i)− Ω4(i))] (4.15)
with respect to the unitary matrices, Ωij, in Spin(D) on each link 〈 i, j〉. The sum is over
all triangles incident on each vertex i. While this prescription is not unique, any choice
that is gauge invariant and converges to O(a2) in the continuum limit is acceptable. Again
multiple spin connections can be generated by studying the homotopy of the simplicial
complex.
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Lastly, given the gauge matrices, Ωij, we also need to construct the tangent vectors
~e (i)j from site i to j, consistent with the discrete tetrad hypothesis constraint, Eq. (4.5).
It is important to focus on the fact that ~e (i)j and ~e (j)i are now evaluated in two different
frames,
e(i)ja γ
a = −Ωije(j)ia γaΩji or ~e (i)j = −Oij~e (j)i . (4.16)
Let us first consider tangent vectors ~e (i)j at i on the geodesics, x(s), from i to all neigh-
boring sites j, i.e., x(0) = xi and xj = x(sj) at ends of the 〈 i, j〉 link with sj the
geodesic length. The geodesic equation, Eq. (4.7), in the same local coordinate sys-
tem used to compute the curvature Rµν(i) at site i, determines the geodesic to xj(s)
from i to each of the neighbors, j. The velocities at i are proportional to the vierbein:
x˙j(0) = dxj/ds|s=0 ∼ e (i)j.
To approximate these velocities, x˙j(0), we consider a Taylor expansion [26] about
s = 0,
xj(s) = xj(0) + sx˙j(0) +
∞∑
n=2
sn
n!
dnxj
dsn
|s=0 , (4.17)
for the geodesic. Then using the geodesic equation (4.7), the nth derivative in the sum
may be re-expressed as an nth order polynomial in sx˙(0). After substituting the rescaled
velocity vλ = sjx˙
λ
j (0), the series expansion takes the form,
vλ ' ∆xλij +
∞∑
n=2
1
n!
Γ˜λµ1,µ2,..,µn [x(0)]v
µ1vµ2 · · · vµn (4.18)
where have brought the linear term, vλ, and the difference, ∆xij = xj(sj)−xj(0), to the left
and right hand side of Eq. (4.18), respectively. The nth tensor coefficients Γ˜λµ1,µ2,..,µn [x(0)]
are defined [26] recursively in terms of derivatives of Γλµν and products of lower rank tensors
starting with Γ˜λµν [x(0)] = Γ
λ
µν [x(0)].
This simple maneuver allows us to approximate the tangent vector as a series in
∆xij = O(a) in the continuum limit. In leading order, we see that v(0) ' ∆xij, corre-
sponding to the fact that, on a smooth manifold, the straight line is the first approximation.
The next step is to use this linear approximation in the second order equation to get a
quadratic approximation. In general the nth approximation takes the form of an nth order
polynomial in ∆xij as described in Ref. [26], leading to
vλ = sjx˙
λ(0) ' ∆xλij +
1
2
Γλµν [x(0)]∆x
µ
ij∆x
ν
ij + C
λ
µ1µ2µ3
∆xµ1ij ∆x
µ2
ij ∆x
µ3
ij + · · · . (4.19)
The quadratic approximation in ∆xij gives O(a
2) errors for the normalized tangent vector,
which is sufficient for our construction.
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After normalizing the velocities, we have an approximation to the lattice vierbein
E(i)j ' x˙(0)/x˙(0)| ' e(i)j. If we repeat this construction at all sites, adopting coordinate
systems at i and j sites, related by Ωij, we have an approximate solution to the lattice
tetrad hypothesis: ~E (i)j +Oij ~E
(j)i = O(a2) on each link. Remarkably from, this approx-
imation we can construct an exact solution to the tetrad hypothesis simply by averaging
the estimate for ~E (i)j at i with the pullback (−Oij ~E (j)i) from j,
~e (i)j =
~E (i)j −Oij ~E (j)i
| ~E (i)j −Oij ~E (j)i|
, ~e (j)i =
~E (j)i −Oji ~E (i)j
| ~E (j)i −Oji ~E (i)j|
, (4.20)
normalized to unit length. The denominators in Eq. (4.20) are equal, so dropping them
we can verify the tetrad hypothesis identity on each link 〈 i, j〉 by
~e (i)j +Oij~e
(j)i ∼ ~E (i)j −Oij ~E (j)i +Oij( ~E (j)i −Oji ~E (i)j) = 0 . (4.21)
With this construction, we may also replace the area estimate by
Aµν4ijk(i) =
lijlik
2
[e(i)jµ e
(i)k
ν − e(i)jν e(i)kµ ] , (4.22)
to order O(a2). The entire approximation procedure depends only on a consistent choice
of a coordinate system at each site i. However, the accuracy of this approximation can
depend on this choice. An attractive convention which is worth investigating further is
to introduce Riemann normal coordinates (RNC) [24] at each site i, with the metric,
gµν(x) = gµν(xi) − (1/3)∆xλ∆xσRµλνσ + O(a3) to help in approximating the tangent
vectors.
4.3 Spin Structure on the Simplicial S2
In preparation of our numerical tests and as a simple example, we present the construction
of our 2D simplicial Dirac action on S2. The above procedures can be tested and used on
a sphere, but a far simpler approach is to realize that all geodesics are just given by great
circles. Given two points on the D−dimension sphere denoted by unit vectors ~ri and ~rj,
the geodesic is parameterized simply by ~x(t) = (t~ri+(1−t)~rj)/|t~ri+(1−t)~rj| with tangent
vectors e(i)j = x˙(0)/|x˙(0)|. The entire construction is reduced to simple vector algebra in
the embedded space. Other symmetric manifolds have similar embedding methods.
For the S2 manifold, our triangulation [3, 4] starts with an icosahedron in Fig. 4.2,
which provides the largest subgroup of the spherical symmetry. Each one of the 20 faces
is then subdivided into L2 equilateral triangles resulting in a total of F = 20L2 triangles.
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Figure 4.2: The L = 3 refinement of the icosahedron with V = 2 + 10L2 = 92 vertices or
sites. The icosahedron on the left is refined in the middle with L2 = 9 equilateral triangles
on each face, and then on the right the new vertices are projected onto the unit sphere.
The resulting simplicial complex preserves the icosahedral symmetries.
Next, we project each triangle onto the unit sphere and take as edge lengths the secant dis-
tances between vertices on the sphere, as illustrated in Fig. 4.2 for L = 3. This projection
introduces a small deformation of the equilateral triangles, so to accurately approximate
the Lagrangian, we need to compute the finite element weights. The topology of the man-
ifold is determined by the Euler characteristic, χ = V − E + F = 2 − 2H = 2 and the
geometry by the table of lengths lij.
The lattice Dirac action on S2 is
S =
1
2
∑
〈 i,j〉
Vij
lij
[ψ¯ie
(i)j
a σ
aΩijψj − ψ¯jΩjie (i)ja σaψi] +
1
2
mViψ¯iψi + SWilsonTerm , (4.23)
where the vierbein e
(i)j
a σa = e
(i)j
1 σ
1 +e
(i)j
2 σ
2 are 2-vectors in the tangent plane at site i. For
each link 〈 i, j〉, there is a lattice spin connection, Ωij(θij) = sijeiθijσ3/2, associated with
an Abelian O(2) rotation O(θij), −pi < θij < pi. Because we know the exact geodesics
on the sphere are great circles, the geometry for the triangle σ2(ijk) is fixed by the set of
three angles, θi, as shown in Fig. 4.3. Once O(θij) is specified, this lattice spin connection,
Ωij(θij), can then be constructed following the method in Sec. 4.1.
After parameterizing the tangent plane ~y = ya~na at each site relative to two randomly
chosen orthonormal tangent vectors ~na, we can determine θij by a procedure illustrated
Fig. 4.3. For each triangle we rotate the 1 axis at site i into a tangent vector on the
arc from i to j by αi, parallel transport this tangent vector on the geodesic to site j and
rotate it back to the 1 axis at j by βj. This gives θij = αi − βj. It follows trivially that
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Figure 4.3: On the left, vectors in the tangent planes, and on the right, the lattice spin
connection, Ω12 and the outgoing and reflected vierbeins, e
(i)j = e
(i)j
a γa and e˜(i)j ≡ −e(i)j,
respectively.
θ12 + θ23 + θ31 = (θ1 + θ2 + θ3) mod 2pi, where the deficit angle is defined by
δ123 = A123 = 2pi − (θ1 + θ2 + θ3) = 2pi − (θ12 + θ23 + θ31) mod 2pi . (4.24)
Now the problem is to determine sij for all links self-consistently for the entire sphere
following the procedure described in Sec. 4.1. As before, choose an arbitrary triangle and
fix the signs, sij, to satisfy constraint to minimize the integrated curvature (4.6, then move
to adjacent triangles fixing the signs sij on new edges until you encounter the last triangle.
Now all the edges have fixed signs so there could be an obstruction. However, since the
deficit angle is additive (or, for the sphere, the areas are additive), for any closed loop we
know that this last triangle on a unit sphere, when viewed from the outside, has a deficit
angle δ ' 4pi−A4 in steradians. But since e4piiσ3/2 = 1, the 4pi factor can be dropped and
there is no obstruction.
It is a simple algebraic exercise to show this exact consistency condition on the sphere
holds generally for any triangulation of a surface with the topology of a sphere. The more
general argument is as follows. Assume the interior angle for the ith vertex in triangle
4ijk is given by θ˜i = pi − θi and that all the interior angles on the tangent plane at each
vertex add up exactly to 2pi. Then the deficit angle is δ(ijk) = θ˜i + θ˜j + θ˜k − pi and the
sum over all angles must give ∑
F
[θ˜i + θ˜j + θ˜k] = 2piV . (4.25)
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Any 2D simplicial triangulation of a closed surface implies 3F = 2E, so we have the sum
rule, ∑
δ(ijk) = 2piV − piF = 2pi(V − E + F ) = 4pi(1−H), (4.26)
which for the sphere by Euler’s identity gives 4pi. In fact, this argument applies to any
closed orientable 2D triangulation, or any surface with an even number of boundaries
B, such as the cylinder. Even with an approximate determination of the angles, as for
example in our relaxation algorithm in Sec. 4.2, the constraint remains exact.
Finally, we should note a simple interpretation for a 2D complex Riemann manifold.
In the complex plane, all Riemann manifolds can be represented by adding pairs of square
root branch points. For example, a square root branch point at the origin with a cut out
to infinity represents a cylinder with two open boundaries. When you add an even number
of pairs, these create handles—4 twists for the torus, etc. As we discuss in Sec. 6 for the
simplicial Dirac equation, a pair of branch points is equivalent to allowing a pair of −1
“frustrated” triangles. In the context of Ising CFT, this corresponds to the insertion of
twist operators. Just as square root branches come in pairs when you flip edges (sij →
−sij), on the simplicial complex it creates a pair of “frustrated” triangles. This is a nice
illustration of the fact that the existence of a spin structure on a Riemann manifold is a
purely topological property that is naturally encoded in the simplicial complex without
the need to introduce a metric.
5 Numerical Tests for 2D Dirac Fermions
For simplicity, we restrict our tests to the Dirac fermion (3.1) on S2, which can be easily
solved analytically [27]. For future tests, higher dimensional spherical solutions are also
available, for example the 4D sphere in Ref. [27]. On S2, the metric is
ds2S2 = dθ
2 + sin2 θ dφ2 . (5.1)
With ~eθ = (1, 0), ~eφ = (0, sin θ) and
√
g = sin θ, the only non-zero components of the spin
connection, (3.5), are ω12φ = −ω21φ = − cos θ. The action on S2 is
Ssphere =
∫
dφdθ sin θψ¯ [σ1(∂θ +
cot θ
2
) + σ2
∂φ
sin θ
+m]ψ . (5.2)
The massless Dirac operator, D =
√
g∇ = sin θ[σ1(∂θ + cot θ/2) + σ2(∂φ/ sin θ)], is anti-
Hermitian and therefore has pure imaginary eigenvalues iλ. It also follows from the σ3-
Hermiticity property, σ3Dσ3 = D
† = −D, that eigenvalues come in complex conjugate
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Figure 5.1: On the left, the Brillouin zone for the naive Dirac operator on a regular flat
triangular lattice. The zero modes are labeled A-F. On the right, the infinite triangular
lattice spectrum with the Wilson term (solid blue) compared to small lattices with 16
(red), 36 (gold), 100 (green) and 256 (purple) sites.
pairs,
λ = ±(j + 1/2) , (5.3)
where j = 1/2, 3/2, · · · are the allowed angular momenta. Furthermore, for each j, the
spectrum is (2j + 1)-fold degenerate [27], with the degeneracy labeled by −j ≤ m ≤ j.
The explicit eigenfunctions in terms of spherical harmonics are given in Appendix B. The
action is also invariant under σ1 conjugation, σ1D
∗σ1 = D, or equivalently, together with
σ3 conjugation, σ2D
∗σ2 = D†. These discrete symmetries are exactly preserved on our
simplicial complex.
For comparison, on the simplicial lattice, our action is
SWilson−Dirac =
1
2
∑
〈i,j〉
Vij
lij
(
ψ¯ie
(i)j
a σ
aΩijψj − ψ¯jΩjie(i)ja σaψi
)
+
∑
i
mViψ¯iψi
+
a
2
∑
〈i,j〉
Vij
l2ij
(
ψ¯i − ψ¯jΩji
)
(ψi − Ωijψj) (5.4)
with the Wilson term to remove doublers. We have set the coefficient, r, of the Wilson
term to the mean lattice spacing on the sphere: r = a. The Wilson term acts like a mass
operator, so now the eigenvalues have both real and imaginary parts. Defining the lattice
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Figure 5.2: The Wilson-Dirac spectra on the discrete sphere for various refinement values
of the refinement L.
matrix Dij by SWilson−Dirac = ψ¯iDijψj, σ3 Hermiticity is still valid. Therefore, eigenvalues
still come in complex conjugate pairs,
E = λR ± iλI (5.5)
With rotational invariance broken, λI no longer takes on exactly integral values and the
(2j + 1)-fold degeneracy is broken. In the limit of zero lattice spacing, a→ 0, one never-
theless anticipates the spectrum approaching λI → (j + 1/2) and λR → 0, with doublers
becoming increasingly massive and decoupling from the spectrum.
Before introducing the Wilson term, it is interesting to see its effect on a flat L× L
regular triangular lattice with Ωij = 1. In the absence of the Wilson term, as depicted
by the left figure in Fig. 5.1, the hexagonal Brillouin zone actually has 6 copies of the
2-component spinor zero modes [28]. These zero modes are labeled as A,B, · · · , F . The
doublers spoil the continuum limit and even fail to restore Lorentz invariance [29]. When
the Wilson term is added, the doublers are removed and the spectrum comes close to the
circular complex spectrum of a lattice overlap operator [30], converging rapidly to the
continuum. This is depicted in Fig. 5.1 on the right , with the L → ∞ spectrum in solid
blue compared to small lattices for L = 4, 6, 10, 16.
On S2, a global view of the Wilson-Dirac spectrum is illustrated in Fig. 5.2. Not
surprisingly, the qualitative effects of the Wilson term on S2 are very similar to that for
30
■
■
◆
◆
◆
◆
▲
▲
▲
▲
▲
▲
▼
▼
▼
▼
▼
▼
●
●
●
●
●
●★
★
★
★
★
★
0.0 0.5 1.0 1.5
0
1
2
3
4
5
6
λR
λ I
■ L=2
◆ L=8
▲ L=16
▼ L=24
● L=48
★ Continuum
Figure 5.3: As we increase the refinement level L, we expect the low-lying eigenvalues
to converge to their continuum imaginary integer values. We see that as L increases the
real part (due to the Wilson term) approaches zero and the imaginary part approaches an
integer.
the flat lattice shown in Fig. 5.1. The apparent difference between the two figures as
a function of the refinement L is due to our convention. On the flat plane, we treat
the eigenvalues as discrete dimensionless momenta ( apµ), which scale to a continuum
dispersion relation as a ∼ 1/L→ 0, whereas on the sphere we have fixed the radius of S2
to one, so the eigenvalues remain discrete approaching fixed values in the continuum limit.
Fig. 5.2 plots the real vs imaginary parts of eigen-spectrum for increasing refinement of
L = 2, 8, 16, 24, 48. In the limit L→∞, the imaginary parts of the low-lying eigenvalues,
λI , approach ±(j + 1/2), while their corresponding real parts, λR, vanish as O(1/L).
5.1 Spectrum of the Lattice Dirac Operator
There are two approaches to determining the spectrum of the Wilson-Dirac operator.
The first is to directly evaluate the eigenvalues of the discrete Wilson-Dirac operator Dij,
which is limited by the efficiency of eigenvalue routines for sparse matrices. The second
approach is to assume the eigenvectors are well approximated by their continuum wave
functions evaluated on the lattice sites, ψ
(n)
i , and to compute the matrix elements of the
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Figure 5.4: On the left, we show the imaginary part of the low-lying eigenvalues, with
degenerate states repeated, for various refinements. On the right, we show how the imag-
inary part of the eigenvalues for L = 24, in green, and L = 48, in grey, approach the
continuum as a function of j.
lattice Wilson-Dirac operator, 〈 ψ¯(n)|D|ψ(n)〉 ' λR,n + iλI,n. It is important to be precise
in defining the spectral problem on the simplicial manifold. In the continuum the spectral
problem is the stationary value of the quadratic form,
I =
∫
dDx
√
g(x)ψ¯(x)(∇+m− E)ψ(x)l, (5.6)
leading either to the conventional eigenvalue problem, (∇ + m)ψ(x) = Eψ(x), where
∇ = eµDµ, or to the generalized eigenvalue problem Dψ(x) = E
√
g(x)ψ(x) where D =√
g(eµDµ +m). On the simplicial lattice, based on the discrete simplicial quadratic form,
I = ψ¯i(Dij −EViδij)ψj, is more conveniently given as the generalized eigenvalue problem,
Dijψ
(n)
j = EnViψ
(n)
i ,
∑¯
i
Viψ¯
(n′)
i ψ
(n)
i = δn′,n (5.7)
Here the continuum measure,
√
g(x), is replaced by the Vorioni dual volume Vi ≡ |σ∗1(i)|.
Alternatively one may rescale by the square root of the measure, redefining the matrix as
D˜ij = V
−1/2
i DijV
−1/2
j and eigenvectors as ψ˜
(n)
i = V
1/2
i ψ
(n)
i to convert it to a conventional
eigenvalue problem. Either way, properly treating the measure Vi is critical to a faithful
correspondence with the continuum.
Lattice Eigenvalues: The low-lying eigenvalues are plotted in Fig. 5.3 for a range of
refinements L. The black stars on the left side of the plot correspond to the continuum
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Figure 5.5: On the left, we show the real part of the eigenvalues for j ≤ 20, averaged
over m, at L = 48. On the right, we show a similar plot for the imaginary part of
the eigenvalues. The overlaid curves reflect the asymptotic continuum behavior given in
Eq. (5.8).
results for the low-lying eigenvalues of the continuum Dirac operator, which have integer
spacing along the imaginary axis. The nth level has 2n degenerate eigenvalues correspond-
ing to the 2j+1 values for the magnetic quantum number, m. On the right side of the plot,
we show the numerically computed spectrum for a range of refinements, L = 2, 8, 16, 24, 48,
with λR < 10. The degeneracy in m is (partially) broken, but too small to be seen.
In Fig. 5.4, we provide a more detailed picture of the breaking of degeneracy in m.
The left figure shows the imaginary part of all low-lying eigenvalues, with 1 ≤ λI ≤ 6, and
λR < 10, as L increases. As the lattice is refined, these levels quickly fall into clusters which
can be associated with our continuum pattern, labeled by j-values, with an approximate
degeneracy of 2j + 1. The first three levels are exactly degenerate due to the symmetry of
the icosahedron under the subgroup of rotations. In the figure on the right, we see that the
imaginary part of the spectrum is linear for small j and degenerate. However, for larger
j, the degeneracy in m breaks down, as indicated by a spread in the eigenvalues for fixed
j, and various levels overlap.
The dispersion relation including contributions from both the Dirac and the Wilson
term, which should converge to
λI → j + 1/2 , λR → ((j + 1/2)2 − 1/2)/L, (5.8)
as we approach the continuum. Here the eigenvalues are averaged over the 2j + 1 values
for the azimuthal angular momentum, m. In Fig. 5.5, for L = 48, we plot the real and
imaginary parts of the eigen-spectrum as a function of j for 0 < j < 20. For j ≤ 15/2,
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Figure 5.6: A comparison of the spectrum computed via a numerical eigensolver with the
spectrum computed via matrix elements for L = 4, 8, and 16.
we performed unweighted least-squares regression to the imaginary and real parts of the
eigenvalues. For the imaginary and real parts, we find λI(j) = 1.011(j+0.480)−0.00197j2
and λR(j) = (0.9836j(j + 1)− 0.27 + 0.00097j3)/L respectively. Both are consistent with
the theoretical expectation given in Eq. (5.8) derived in Appendix B.
Lattice Eigenvectors: Given the continuum eigenfunctions restricted to the lattice ψ(n)
lattice, we can in principle approximate the eigenvalue from matrix elements 〈ψ(n)|D|ψ(n)〉 '
λR,n + iλI,n. This also checks the accuracy of matching lattice eigenvectors to the con-
tinuum (B.7). However, before proceeding, one must transform them from the continuum
coordinate gauge into the gauge defined by our lattice action.
To fix the gauge, we can take advantage of the exact degeneracy in the magnetic
quantum number for the first three levels. For simplicity, we choose the two lowest
continuum wave functions, that is, m = ±1/2 for j = 1/2, discretized on to the lat-
tice sites, ψi = (ψ
(1)(ri), ψ
(2)(ri))
T compared to the corresponding lattice eigenvectors of
Ψi = (Ψ
(1)
i ,Ψ
(2)
i )
T for Dij. The desired gauge transformation at each site can be specified
by a local spinor rotation, eiθiσ3/2, and a global 2 by 2 unitary matrix, U, which mixes the
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Figure 5.7: The splitting of the eigenvalues for λ = 4 as a function of L. We note that
with increased refinement, the eigenvalues become more degenerate.
degenerate pair. These are determined by minimizing the functional
G(θi,U) =
∑
i
∣∣∣ψi − ei θi2 σ3UΨi∣∣∣2 = −∑
i
ψie
i
θi
2
σ3UΨi −
∑
i
Ψ
(n)
i U†e−i
θi
2
σ3ψi (5.9)
with respect to U and eiθiσ3/2 on each site i. This enables us to take the matrix element
〈 ψ¯(n)|D|ψ(n)〉 using the discretize continuum eigenvector rotated to our lattice frame to
estimate the eigenvalues. In Fig. 5.6 we compare the lattice operator eigenvalues to the
matrix elements. The two results are in remarkable agreement, suggesting that the discrete
Wilson term has eigenvectors consistent with the Dirac term. We found that the minimum
of the function G given in Eq. (5.9) approaches zero as 1/L2. This suggests that the lattice
eigenvectors become an increasingly good approximation of the continuum eigenvectors as
L increases. This is also consistent with our previous observation that the Wilson term,
while crucial to removing spurious doublers, has a negligible effect on the physical states
as L→∞.
5.2 Rate of Convergence to the Continuum
There are two ways to test the convergence of the spectrum to the continuum limit. i.) The
restoration of degeneracy in the magnetic quantum number, m, as L increases. ii.) The
35
●● ● ●
● ● ● ● ● ●
4 8 1012 1618 24 28 32 48
3.2
3.4
3.6
3.8
4
L
λ I(4)
●
● ● ● ● ● ● ● ● ●
4 8 1012 1618 24 28 32 48
0
0.50
1.0
1.5
2
L
λ R(4)
Figure 5.8: On the left, we show the approach of the imaginary part of the λ = 4 eigenval-
ues, averaged over m, to the continuum as a function of the refinement L. On the right,
we show the analogous plot for the real part of the eigenvalues.
behavior of the spectrum, averaged over m, as L increases. The exact σ1 symmetry results
in a pairing of degenerate eigenvalues for each j. Since our discretization exactly preserves
icosahedral symmetry, the first level which exhibits breaking of the degeneracy in m is the
fourth level. For λ = 4, there are two irreducible representations of the icosahedral group,
resulting in a splitting into two groups with two and six members as illustrated on the
left in Fig. 5.4. At higher levels, the eigenvalues can split into a larger set of irreducible
representations.
Restricting our attention to λ = 4, we define the splitting in the eigenvalues, inde-
pendently for the real and imaginary parts, as the difference between the maximum and
minimum eigenvalues. In Fig. 5.7, we consider this splitting as L increases. We perform
an unweighted linear regression to the splitting as a function of L. For the imaginary
and real parts, we find the splitting behaves as −6 × 10−5 + 0.0034/L + 0.230/L2 and
0.0009− 0.035/L+ 0.44/L2, respectively, consistent with restoration of full spherical sym-
metry in the continuum.
Next we consider how the eigenvalues, averaged over m, approach the continuum for
λ = 4. In Fig. 5.8, on the left, we fit the eigenvalue to λI,4 = 3.99932+0.034/L−11.67/L2
consistent with the continuum value, λI,4 = 4 . On the right, we see the real part also
approaches the correct continuum value, λR,4 = 0. The convergence of this term is governed
by the Wilson term, which scales with an extra factor of lattice spacing compared to the
naive Dirac term. We therefore expect it to converge more slowly, as O(1/L). Our fit gives
λR,4 = 0.0025 + 9.19/L, again consistent with our expectations.
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6 The Ising Conformal Field Theory on S2
The exact solution to the 2D Ising model provides a rigorous test of our simplicial con-
struction of the free fermions on S2. To begin let us review this continuum c = 1/2 minimal
model. There are only three Virasoro primaries 1, σ, , with an OPE expansion,
σ × σ = 1 +  , × σ =  , ×  = 1 . (6.1)
It is equivalent to a free Majorana holomorphic, ψ(z), and anti-holomorphic, ψ¯(z¯), field
on all 2D Riemann surfaces [31]. In the complex plane, the Riemann surface can be
represented by inserting pairs of square root branch points whose locations corresponds to
the σ(z) operators. When projected onto our simplicial lattice on S2, these represent pairs
of branch points given by simplicies with curvature defects of −1. Clearly, these defects
must be inserted in pairs by flipping bonds on an invisible string between these flipped
plaquettes. Here we compute the 2-point and 4-point functions,
〈 (x1)(x2)〉 , and 〈σ(x4)(x3)(x2)σ(x1)〉 , (6.2)
where (x) = iψ¯(x)ψ(x) and σ(x) is the twist operator that introduces the square root
branch points. Of course, correlators with only fermion operators, such as
〈 (x1)(x2)(x3)(x4)〉, are trivially given by the Wick contractions as products of 2-point
functions 〈 (x1)(x2)〉. The 〈σ(x4)σ(x3)σ(x2)σ(x1)〉 correlation function is the partition
function on the torus. This is computed in Ref. [5] as a test of QFE methods for the φ4
CFT theory on S2.
6.1 Dirac vs Majorana Propagators
In the continuum, the 2D Dirac fermion,
S =
∫
d2xΨ¯[σµ∂µ +m]Ψ = 2
∫
dzdz¯Ψ¯[σ−∂z¯ + σ+∂z +m]Ψ , (6.3)
at zero mass can be decomposed into two single component Majorana fermions,
S = 2
∫
dzdz¯[ψ∂z¯ψ + ψ¯∂zψ¯] = 2
∫
dzdz¯[ψ∂¯ψ + ψ¯∂ψ¯] , (6.4)
where Ψ = (Ψ1,Ψ2)
T ≡ (ψ, ψ¯) and Ψ¯ = ΨTσ1 = (Ψ2,Ψ1)T ≡ (ψ¯, ψ) are split into a
holomorphic and anti-holomorphic parts, ψ(z) and ψ¯(z¯), respectively. The holomorphic
propagator is
〈ψ(z1)ψ(z2)〉 = 〈z1, z¯1|∂¯−1|z2, z¯2〉 = ∂ 〈z1, z¯1|(∂¯∂)−1|z2, z¯2〉 = 1
2pi
1
z1 − z2 , (6.5)
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and the anti-holomorphic propagator is 〈ψ¯(z¯1)ψ¯(z¯2)〉 = 〈ψ(z1)ψ(z2)〉∗. Note that these
solutions are regular at 0 and ∞, and periodic in θ → θ + 2pi for z = |z|eiθ. By inserting
twist operators at 0 and ∞, the propagators,
〈σ(∞)ψ(z1)ψ(z2)σ(0)〉 =
√
z1/z2 +
√
z2/z1
4pi
1
z1 − z2 , (6.6)
and 〈σ(∞)ψ¯(z¯1)ψ¯(z¯2)σ(0)〉 = 〈σ(∞)ψ(z1)ψ(z2)σ(0)〉∗ are now anti-periodic in θ. To make
contact with our simplicial Dirac fermion requires two steps: first projecting the flat space
correlators to the Riemann S2 sphere and second identifying a single Majorana component
within our 2 component simplicial Dirac fermion.
6.2 Stereographic Projection for Conformal Fields
Under a Weyl rescaling of the flat metric,
gµν(x) =
∂ξα
∂xµ
∂ξα
∂xν
= Ω2(x)δµν , (6.7)
the conformal correlation functions for primaries Oi of dimension ∆i obey the general
identity [32],
〈O1(x1)O2(x2) · · ·〉gµν = [
1
Ω(x1)∆1
1
Ω(x2)∆2
· · ·]〈O1(ξ1)O2(ξ2) · · ·〉flat .
(6.8)
In particular the map, R2 → S2, to the projective sphere,
ds2S2 =
2
(1 + zz¯)2
dzdz¯ = cos2(θ/2)ds2R2 . (6.9)
introduces the Weyl factor, Ω2(θ) = cos2(θ/2), and leads to the identity for the 2 point
function
〈O1(x1)O2(x2)〉S2 = 1
[Ω(x1)|z1 − z2|2Ω(x2)]∆ =
1
(2− 2 cos θ12)∆ , (6.10)
where Ω(θ1)|z1 − z2|2Ω(θ2) = |~r1 − ~r2|2 = 2(1 − cos θ12) with radial vectors, r = (rx +
iry, rz) = (sin θe
iφ, cos θ) restricted to the unit sphere embedded in R3. Just as Poincare
invariance on the plane implies that correlators are a function of the length (or Euclidean
distance on the plane, |z1 − z2|), rotational invariance on the sphere fixes the correlator
to be a function of the geodesic distance, θ12. In addition scale invariance fixes the full
functional form.
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It is often useful to make use of conformal cross ratios u and v, which are also
invariant under Weyl transformations,
u =
x212x
2
34
x213x
2
24
=
r212r
2
34
r213r
2
24
, v =
x214x
2
32
x213x
2
24
=
r214r
2
32
r213r
2
24
, (6.11)
where r2ij = (~ri − ~rj)2 = 2(1 − cos θij). In moving from R2 to S2, all conformal factors
cancel. In 2D one also can combine the two cross ratios into a single complex number,
ζ =
(z1 − z2)(z3 − z4)
(z1 − z3)(z2 − z4) , (6.12)
where zi = cot(θi/2)e
iφi and u = |ζ|2, v = |1− ζ|2.
For future reference, we point out that this construction can be generalized to SD by
the replacement rˆ = (rz, ~r⊥) = (cos θ, sin θ rˆ⊥), or if you prefer use rotational symmetry
to bring rz and |~r⊥| to the x − y plane. One may see this in two steps. First, one maps
RD → R× SD−1 via radial quantization with coordinates (log r, ~r⊥), then one maps to the
projective sphere R× SD−1 → SD with coordinates (cos θ, sin θrˆ⊥).
6.3 Numerical Tests for 2- and 4- Point Correlators
To numerically compute conformal correlators, we need to identify the Majorana com-
ponents in our simplicial Wilson Dirac fermions. This is accomplished by including a
Majorana mass, and comparing the continuum with the lattice form of the Dirac opera-
tors,
Mz1,z2 =
[
m ∂
∂¯ m
]
z1,z2
→
[
W ∇
−∇† W
]
z1,z2
(6.13)
On the right, ∇ is the naive central difference operator for a massless lattice fermion and
W is the Wilson term including the mass. This identification recognizes that the Wilson
term W plays the role of the mass term in the continuum limit, in addition to removing
the unphysical doublers. We compute the inverse for both representations using the Schur
decomposition. In the continuum, on R2, we have the expression,
G(z1, z2;m) =
[
m−1 +m−1∂(m2 − ∂¯∂)−1∂¯ −∂(m2 − ∂¯∂)−1
−(m2 − ∂¯∂)−1∂¯ m(m2 − ∂¯∂)−1 ,
]
(6.14)
for G(z1, z2;m) = M
−1
z1,z2
, which can be compared with the Wilson Dirac lattice propagator,
G(z1, z2) =
[
W−1 +W−1∇∆−1s ∇†W−1 −W−1∇∆−1s
∆−1s ∇†W−1 ∆−1s
]
zw
, (6.15)
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where ∆s = W + ∇†W−1∇ is the Schur complement. Taking the zero mass limit of
Eq. (6.14), we can identify the Majorana propagator as the off-diagonal terms in Eq. (6.15),
so it follows that on the lattice, we should also identify these off-diagonal term for the lattice
conformal propagators. Consequently, in the zero mass limit, the correspondence,
G12(z1, z2)G21(z1, z2) = |G12(z1, z2)|2 → 〈ψ(z1)ψ¯(z¯1)ψ¯(z¯2)ψ(z2)〉 , (6.16)
is established.
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Figure 6.1: Log-Log plot of the two point correlator for L = 16.
Lattice  Correlator: We will now show numerically that not only is Eq. (6.16) correct,
but the simplicial correlator converges rapidly to the continuum on S2,
〈(~r1)(~r2)〉 = 1
4pi2
1
2(1− cos θ12) . (6.17)
A comparison of the numerical result versus the analytic result is given in Fig. 6.1. At very
small distances, cut-off effects give a visible disagreement with the continuum result, but
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otherwise the fit is remarkably good even at relatively small L = 16 . It is important to
note that this is a zero parameter fit, including the normalization. Fitting the data to the
expected functional form, we find (a/8pi2)× (1− cosθ)−γ ' (1.0035/8pi2)× (1− cosθ)−0.996.
At L = 16 the finite lattice errors are less than 1 per cent.
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●
●●●●●●●●●
●●●●●●●●
●●●●●●●
●
.2 .4 .6 .8 1 2 4 6
.6
.8
1
2
r
<σϵϵ
σ>
<σσ>
<ϵϵ>
L=4
L=12
1
4
(r+ 1
r
)
Figure 6.2: Functional dependence in r of the four point correlator for L = 4, 8, 12, isolated
by subtracting the θ term. The dotted red line is the expected continuum behavior.
Lattice σσ Correlator: To examine the four-point correlator, we need to introduce
twist operators on the lattice. It is convenient to introduce the branch points at the
north and south poles of our decorated icosahedron and to maintain a discrete 5-fold axial
symmetry in θ. To accomplish this, first, the pole points are removed. This takes our
lattice from the topology of a sphere to the cylinder. Next, the spin connection on one
link around the poles is flipped in sign. This introduces a topological defect at the north
and south poles which corresponds to the insertion of our lattice twist operators. Finally,
a path is constructed between the flipped links at the north and south poles, flipping the
sign of the spin connection along the path, so that the only defects are at the north and
south poles.
For a numerical comparison we normalize the lattice four point function by the
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Figure 6.3: Functional dependence in θ of the four point correlator for L = 4, 8, 12 isolated
by subtracting the r terms. The dotted red line is the expected continuum behavior.
simplicial lattice two point function and compare with the analytical form on the sphere,
〈σ(∞)(z2)(z3)σ(0)〉
〈 (z2)(z3)〉 =
1
4
(r + 1/r + 2 cos θ23) , (6.18)
as a function of the conformally invariant co-ordinate: z2/z3 ≡ reiθ. Unlike the 2-point
function, this depends on both the angular separation θ23 and the magnitude |z2/z3|. When
either one of the  operators is near the poles, the ratio function in Eq. (6.18) diverges
and the lattice results have strong cut-off effects, which we suppress by restricting the 
fields to the range between polar angles [pi/4, 3pi/4]. The results can be seen in Figs. 6.2
and 6.3. First, in Fig. 6.2, we see the r dependence of the ratio function by subtracting
off the cos(θ)/2 data, and next in Fig. 6.3 we see the θ dependence by subtracting off the
(r + 1/r)/4 data. In both cases, the numerical results converge to the continuum result
shown in red. The total data set can be fit to the functional form a(r+1/r)/4+b cos(θ)/2
with 1/L corrections giving a = 1.0008+0.264/L and b = 1.00033−0.00566/L. In view of
the neglecting O(1/L2) terms in the fit, this is consistent with the exact continuum limit
(a = b = 1).
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7 Discussion and Future Directions
We have presented a solution to lattice Dirac fermions on a simplicial complex approxi-
mating a general smooth Riemann manifold. To achieve this we borrowed methods from
Finite Elements (FEM), Regge Calculus (RC) and the language of the Discrete Exterior
Calculus (DEC). However, our solution required substantial new features to accommodate
the curved manifold going beyond the linear piecewise implementations prevalent in the
literature. To remove the doublers, we have used the construction of Wilson fermions. As
in flat space, the operator for this simplicial Wilson fermion can be used as a kernel for
Shamir [33] and Mo¨bius [34] Domain Wall fermions by introducing a flat extra dimension
of length Ls. Just as in flat space, this should converge as Ls →∞ to an exact simplicial
lattice chiral overlap fermion representation [30].
This appears to us to be the first general solution for simplicial lattice Dirac fermions
on any smooth Euclidean Riemann manifold that is capable of convergence to the exact
continuum limit. To support this conjecture, tests were made for the simplicial lattice on a
2D Riemann sphere compared with the exact continuum solutions. While this is obviously
far from a proof, additional tests on higher dimension manifolds will be performed. The
proof of convergence theorems have not yet been attempted. Convergence proofs for
classical FEM and Regge Calculus are far from trivial or complete [8], let alone their
extension to the simplicial fermions presented here. However, we feel that the geometrical
underpinning of our approach makes our convergence conjecture plausible.
To address the central problem of Quantum Finite Elements (QFE), interacting
quantum field theory on curved manifolds, we need to introduce interactions with scalar
and gauge fields. Yukawa terms interacting with scalars are not difficult to formulate using
linear FEM truncated to local terms to represent a minimal set of relevant operators. The
inclusion of gauge fields interacting with our simplicial lattice fermions is also straight-
forward for vector like theories by replacing the spin connection Ωij on each link by the
product ΩijUij in the action for the Dirac field,
SWilson =
a
2
∑
〈 i,j〉
Vij
l2ij
(ψ¯ieˆ
j(i)
a γ
aΩijUijψj − ψ¯jΩjiUjieˆi(j)a γaψi) + · · · , (7.1)
where Uij is the Wilson compact gauge link matrix,
Uij = e
ilµijA
µ
ij , (7.2)
and Aij = λ
aAaij is the non-Abelian gauge potential. The kinetic term in the action has
been considered in Ref. [10] in flat space, but can be easily introduced on our simplicial
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manifold as well. The continuum action
S =
1
2
∫
dDx
√
g gµν
′
gµ
′νF aµν(x)F
a
µ′ν′(x) , (7.3)
is replaced by a finite element action as sum over all triangles,
Sσ =
1
2g2Nc
∑
4ijk
Vijk
A2ijk
Tr[2− U4ijk − U †4ijk ] (7.4)
where where Aijk = |σ2(ijk)| is the area of the triangle for the plaquette, Vijk = |σ2(ijk)∧
σ∗2(ijk)| is the dual volume element, and the gauge matrix on each plaquette is the product
U4ijk = UijUjkUki. The reader is referred to Ref. [10] for the demonstration that this has
the correct continuum limit.
The quantum field path integral on a simplicial lattice requires confronting UV diver-
gences with additional counter terms as we will report in Ref. [13]. Progress has been made
for the Wilson-Fisher conformal fixed point in φ4 theory by explicitly computing a finite
number of UV divergent diagrams on the simplicial lattice. The extension of this approach
to other super-renormalizable theories appears promising, opening up a new approach to
lattice field theory with a view towards implementing 3D lattice radial quantization. There
are also many other interesting CFTs to explore by developing code and algorithms similar
to those in common use. Our plan is to identify the geometrical properties of counter terms
and, if possible, develop the full QFE path integral in 4D, but we recognize that this is a
difficult problem. We are optimistic that we will be able to achieve this within our cur-
rent QFE methodology via a single sequence of refined simplicial lattices approaching the
continuum Riemann manifold for UV complete field theories. The guiding principle is to
formulate non-perturbative renormalization schemes similar to methods develop for lattice
field theory in flat space with the geometrical classification of the counter terms required
in perturbative renormalization on Riemann manifold [35, 36]. Other approaches such as
a quenched ensemble of simplicial lattices constrained to the target manifold as advocated
in the random lattice program [37] for flat space may warrant further investigation in spite
of their increased computational complexity.
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A Dirac Finite Element
The construction of our new piecewise flat Dirac finite element described in Sec. 3.1 pro-
ceeds in the following steps. We seek a new finite expansion on each triangle 4123
ψ(x) = E1(x)ψ1 + E
2(x)ψ2 + E
3(x)ψ3 ,
ψ¯(x) = E1(x)ψ¯1 + E
2(x)ψ¯2 + E
3(x)ψ¯3 . (A.1)
in terms of the new Elements, Ei(x), which satisfy 3 conditions: (i) The faithful interpola-
tion of the Dirac field requires Ei(x = rj) = δ
i
j, at each vertex x = rj, (ii) the preservation
of constant fields E1(x) + E2(x) + E3(x) = 1, and (iii) the lattice Dirac equation prop-
agates on each link 〈 i, j〉 with the spin matrix ~lij · ~σ. Surprisingly, all three constraints
have a simple solution in terms of three sub-triangles with linear elements meeting at the
circumcenter with a ghost field
ψ0 = c1ψ1 + c2ψ2 + c3ψ3 , ψ¯0 = c1ψ¯1 + c2ψ¯2 + c3ψ¯3 . (A.2)
given as a linear function of the values at the vertices. The calculation requires computing
the action and applying these constraints to determine the values of the coefficients ci.
The basic algebra relies on the geometry illustrated on the left in Fig. A.1 by
vectors/dual-vectors, (~lij, ~n
k). The simplex for 4123 has normal vectors (~n 1, ~n 2, ~n 3).
In addition, each of the sub-triangle have the normals ( ~N i+, ~N
i
0, ~N
i+1
− ), where the normal
on the exterior links, ~N i0, are just rescaled from ~n
i by ~N i0 = (A123/A0i,i+1)~n
i. As a
consequence we have the sum rules
~N i+ + ~N
i
0 + ~N
i+1
− = 0, A023 ~N
1
0 + A031 ~N
2
0 + A012 ~N
3
0 = 0. (A.3)
In addition, normals to a shared link for two adjacent sub-triangles are related byA0,i−1,i ~N i−+
A0,i,i+1 ~N
i
+ = 0. All of these relations hold for an arbitrary location for the center vertex 0.
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Figure A.1: Each triangle on the simplicial lattice given by the4123 with vertices ~r1, ~r2, ~r3
is divided into 3 isosceles sub-triangles meeting at the circumcenter at 0.
Restricting vertex 0 to the circumcenter leads to three isosceles sub-triangles and
there are now additional geometrical constraints. Within each sub-triangle, the sum and
difference of ~N i+ and ~N
i+1
− are perpendicular and parallel to the opposite link vector, ~li,i+1,
respectively, i.e.,
~li,i+1 · ( ~N i+ + ~N i+1− ) = 0 , ~N i+ − ~N i+1− =
2~li,i+1
l2i,i+1
, (A.4)
Applying the linear FEM interpolation formula, Eq. (3.10), to each sub-triangle ∆0,i,i+1
we have,
S0i,i+1 =
A0,i,i+1
6
[ψ¯i( ~N
+
i − ~N−i+1) · ~σψi+1 + ψ¯i+1( ~N0i+2 − ~N+i ) · ~σψ0 + ψ¯0( ~N−i+1 − ~N0i+2) · ~σψi ]
− c.c. (A.5)
and the sum S123 = S0,12 + S0,23 + S0,31, with the help of the identity, (A0,i,i+1 ~N
+
i +
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A0,i+1,i+2 ~N
−
i+2) = A0,i,i+2
~N0i+1, gives
S123 =
1
3
∑
i
A0,i,i+1[ψ¯i( ~N
+
i − ~N i+1− ) · ~σψi+1 − ψ¯i+1( ~N i+ − ~N i+1− ) · ~σψi]
+
1
3
∑
i
A0,i−1,i+1[ψ¯i~σ · ~N i0ψ0 − ψ¯0~σ · ~N i0ψi]. (A.6)
Introducing the expansion for the ghost field ψ0 and ψ¯0, the link ψ¯1~σψ2 receives
contributions from both the ψ¯1~σψ0 and ψ¯0~σψ2 terms. We now require that each edge is
properly aligned,
A012
3l212
~l12 − A031
3
~N20 c1 +
A023
3
~N10 c2 ∼ ~l12 (A.7)
plus permutations for the ψ¯2~σψ3 and ψ¯3~σψ1 links. The first term in each equation is
already in the form we are seeking. Now we have what appears to be an over constrained
system for three coefficients ci satisfying the normalization constraint c1 + c2 + c3 = 1.
An efficient approach to solving for these coefficients is to project these equations
in the perpendicular direction by taking the scalar product with ~N30 , ~N
1
0 ,
~N20 , respectively.
After some algebra, using the identity ~lik ·~lkj = 4A2123~n i ·~n j, this reduces to a homogeneous
matrix equation,  ~l31 ·~l12 −~l23 ·~l12 00 ~l12 ·~l23 −~l31 ·~l23
−~l12 ·~l31 0 ~l23 ·~l31

c1c2
c3
 = 0 (A.8)
As the determinant is zero, a non-trivial null vector exists, given by
ck = c0
A123
~lik ·~lkj
(A.9)
for ikj = (123) and cyclic, where we have expressed the solution up to a undetermined
dimensionless constant c0, which can be chosen to satisfy the normalization c1+c2+c3 = 1.
After considerable algebraic manipulation the final solution becomes,
ck =
4A0ik
l2ik
4A0jk
l2jk
= cot(θik/2) cot(θjk/2) , (A.10)
where the vertex angle for each isosceles triangle is given by cot(θij/2) = 2hij/lij =
4A0ij/l
2
ij.
The consistency between Eq. (A.9) and Eq. (A.10) prior to this normalization requires
only that the ratios ci/cj are unchanged which may be verified using the following set of
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identities. Let R be the circum-radius such that one has lij = 2R sin(θij/2). The total area
can be expressed symmetrically asA123 = l12l23l31/4R = 2R
2 sin(θ12/2) sin(θ23/2) sin(θ31/2).
The equation for the scalar product leads to:
~lik ·~lkj = 4R2 cos(θik/2 + θkj/2) sin(θik/2) sin(θkj/2)) = 2A123 cot(θij/2). (A.11)
The normalization condition, c1 + c2 + c3 = 1, follows from the elegant identity,
tan(θ12/2) + tan(θ23/2) + tan(θ31/2) = tan(θ12/2) tan(θ23/2) tan(θ31/2) , (A.12)
for θ12 + θ23 + θ31 = 2pi. Geometrically, this identity reflects the fact that the area of
the triangle equals the sum of areas of three sub-triangles, A123 = A012 + A023 + A031.
Remarkably, with ci appropriately chosen, the additional two terms in Eq. (A.7) are not
only aligned with the first one but the sum of all three provides precisely the FEM weight
for our conjectured Dirac ansatz above. It is appealing that the use of the dual vertex is
necessary to the construction analogous to our Discrete Exterior Calculus formulation of
the scalar. Generalizations of this construction for D > 2 using the dual lattice are being
sought.
Let us end with two additional comments. First, if we choose ci = ξ
∗
i = A0jk/A123,
we get back to the naive linear FEM result for the entire triangle ∆123, which, as stated
earlier, does not lead to Eq. (3.7). Second, if one chooses an arbitrary point 0 inside the
triangle, instead of the circumcenter, it is still possible to adjust the coefficient ci so that
propagator on the links is aligned with ~lij. However, the magnitude does not agree with
our ansatz in (3.7), and it does not admit a simple geometrical interpretation.
B Spectrum of the Dirac Fermion on S2
Here we rederive the Dirac operator on S2 by starting from the Dirac fermion in 4D
projected to the 2 sphere. In 4D, consider the change of variables from Cartesian to
spherical coordinates, xµ = (t, ~r), where ~r = (r sin θ cosφ, r sin θ sinφ, r cos θ). The fermion
action, ψ¯γµ∂µψ, can be re-expressed as
γµ∂µ = γ0∂t +
1
r
(γr∂log(r) + γ
θ∂θ +
1
sin θ
γφ∂φ) , (B.1)
where γr = eˆr ·~γ = sin θ(cosφγ1 +sinφγ2)+cos θγ3, γθ = eˆθ ·~γ = cos θ(cosφγ1 +sinφγ2)−
sin θγ3 and γφ = eˆφ ·~γ = − sinφγ1 +cosφγ2. The freedom to rotate tangent vectors allows
one to rotate eˆr to eˆ
3. This can be done by first rotating eˆφ to eˆ
2 and then rotating eˆθ
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to eˆ1. Equivalently, one rotates the fermion spinors, ψ → Λψ and ψ¯ → ψ¯Λ† which then
rotates γµ → Λ†γµΛ = Oµνγν , where Λ = Λ12(φ)Λ13(θ) = e
i
2
φσ12 e
i
2
θσ13 . The gauge
transformation picks up an additional term, ψ¯γµ∂µψ → ψ¯Oµνγν∂µψ+ ψ¯(Λ†γµΛ)(Λ†∂µΛ)ψ,
or spin connection so the Dirac operator in this frame is
eµc γ
c(∂µ +
1
4
ωµabγ
aγb) = γ0∂t +
1
r
[γ3∂log(r) + γ
1∂θ +
1
sin θ
γ2∂φ + γ
3 +
cot θ
2
γ1] . (B.2)
The static approximation removes the γ0 reducing it to 3D. The radial quantization on
R×S2 rescales the fields (ψ → r−1ψ, ψ¯ → r−1ψ¯) , placing the 2D Dirac action on the unit
S2 given by
S =
∫
sin θdθdφ ψ¯[γ1(∂θ +
cot θ
2
) +
1
sin θ
γ2∂φ]ψ . (B.3)
This is two copies of 2 component fermions with action,
S =
∫
sin θdθdφψ¯(σµDµ +m)ψ =
∫
sin θdθdφ ψ¯[σ1(∂θ +
cot θ
2
) +
1
sin θ
σ2∂φ]ψ, (B.4)
in agreement with Eq. (5.2), as promised. The term 1
2
cot θ corresponds to a spin connection
on S2. Defining
∇ = σ1(∂θ + cot θ/2) + 1
sin θ
σ2∂φ . (B.5)
we turn next to the spectrum, ∇ψ = iλψ, of the massless Dirac operator [27, 38, 39] on
S2.
For the positive spectrum, λ+ > 0, the eigen-functions are designated by ξ+(θ, φ).
The analysis can be done by the usual procedure, by seperation of variables and Fourier
expansion of the spinor ξ+(θ, φ) in φ, ξ+(θ, φ) =
∑
m e
−imφf+(θ), leading to a first order
ordinary differential equation in θ for a two-component spinor f+(θ). It can be shown that
spinors in this gauge are anti-periodic in φ and m = n+ 1/2 takes on half-integral values.
This leads to a coupled first order ODE between its upper and lower components, which
after one iteration gives an ordinary second order ODE separately for the upper and the
lower component.
By imposing a normalizability condition on f+(θ), the discrete spectrum can be
found, with eigenvalues,
λ+ = j + 1/2 (B.6)
where j = 1/2, 3/2, · · · and −j ≤ m ≤ j. That is, for each λ+, there is a (2j + 1)-
fold degeneracy due to rotational invariance. The corresponding wave functions can be
expressed in terms of Jacobi polynomials, P
(α,β)
n ,
ξ+,(j,m)(θ, φ) = C
+
jm e
imφ
 sinm(θ/2) cosm+1(θ/2)P (m− 12 ,m+ 12)j−m (cos θ)
i sinm+1(θ/2) cosm(θ/2)P
(m+ 12 ,m− 12)
j−m (cos θ)
 . (B.7)
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The eigenfunctions corresponding to the negative eigenvalues, λ−, can be obtained via
ξ−,(j,m)(θ, φ) = iσ3φ+,(j,m). For the record, we note that these wave functions are normal-
ized so that ∫
S2
sinθdθdφ ξ†,(j,m)ξ′,(j′,m′) = δ,′δj,j′δm,m′ , (B.8)
with C+jm given in Ref. [27].
By performing a local rotation, it is also possible to express these wave functions
in terms of the usual spherical harmonics, Ylm [27]. Introducing Φ
±(j,m) = V †ξ±, where
V † = eiθσ2/2e−iφσ3/2, one finds that
Φ±(j,m) =
(1± i)
2
 √ (l+m)4l Yj−,m−(θ, φ)∓ i√ (j−m+1)4(j+1) Yj+,m−(θ, φ)√
(j−m)
4j
Yj−,m+(θ, φ)± i
√
(j+m+1)
4(j+1)
Yj+,m+(θ, φ)
 (B.9)
where j± = j ± 1
2
and m± = m± 1
2
.
Finally let’s give a direct evaluation of the Lichnerowicz formula,
−∇2 = − 1√
g
Dµ
√
ggµνDν +
1
2
σabeµae
ν
bRµν . (B.10)
in Eq. (3.21). On S2 the operator
−∇2 = −[∂2θ + cot θ∂θ +
1
sin2 θ
∂2φ − iσ3
cos θ
sin2 θ
∂φ − 1
4 sin 2θ
− 1
4
]. (B.11)
has spectrum (j+1/2)2, which is naturally the absolute value square of the Dirac operator
spectrum ±i(j + 1/2). It follows that in 2D the covariant spinor Laplacian alone, which
is the first term in the Lichnerowicz formula (B.10), has eigenvalues, (j + 1/2)2 − 1/2 =
j(j+1)−1/4 in accord with our numerical evaluation of the Wilson term (5.8) in Sec. 5.1.
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